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ABSTRACT 


Research  was  conducted  to  determine  the  basic  dynamic  properties  of  fiber- 
glass-reinforced  plastic  (FRP)  tandwich  structure  suitable  for  use  as  a 
primary  airframe  structural  material.  The  research  program  was  carried  out 
in  two  separate  parts:  (A)  determining  dynamic  moduli  and  damping,  and  (B) 
determining  fatigue  behavior.  In  each  part,  two  types  of  hexagonal-cell 
honeycomb  core  materials  were  investigated:  5052  aluminum  foil  and  HRP 
(heat  resistant  phenolic)  fiberglass.  The  selection  of  the  sandwich  con¬ 
figuration  and  fabrication  procedures  was  based  upon  previous  research 
carried  out  at  the  University  of  Oklahoma  Research  Institute  for  USAAVLABS 
(USATRECOM  TR  64-37  and  USAAVLABS  TR  65-66), 
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PREFACE 


This  report  was  prepared  by  the  University  of  Oklahoma  Research  Institute 
under  Phase  II  of  U.  S.  Army  Transportation  Research  Command  (USATRECOM) 
Contract  DA  44-177-AMC-164(T) .  Phase  I,  which  pertains  to  fabrication 
is  reported  separately.  The  research  effort  is  a  continuation  of  the  work 
done  in  two  other  USATRECOM  contracts  which  resulted  in  the  following  re¬ 
ports:  Research  in  the  Field  of  Fiberglass-Reinforced  Sandwich  Structure 
for  Airframe  Use  and  Strength  Properties  and  Relationships  Associated  With 
Various  Types  of  Fiberglass  Reinforced  Facing  Sandwich  Structure.  The  pre¬ 
sent  report  contains  the  test  results,  conclusions,  and  recommendations 
for  research  conducted  on  dynamic  properties  of  fiberglass-reinforced  sand¬ 
wich  structure,  including  dynamic  elastic  moduli,  damping  characteristics, 
and  flexural  fatigue  properties,  during  the  period  of  April  9,  1964,  to 
November  30,  1964. 

This  report  was  written  by  Dr.  Gene  M.  Nordby,  project  director  and  Dean  of 
the  College  of  Engineering  at  the  University  of  Oklahoma;  Mr.  W.  C.  Crlsman, 
project  engineer;  and  Dr.  Charles  W.  Bert,  research  engineer  and  Associate 
Professor  of  Aerospace  and  Mechanical  Engineering.  Mr.  Donald  Hanson  work¬ 
ed  as  test  engineer  and  statistician. 
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SUMMARY 


The  research  covered  In  this  report  consists  of  the  determination  of  the 
basic  dynamic  properties  of  fiberglass-reinforced  plastic  (FRP)  sandwich 
structure  suitable  for  use  as  a  primary  airframe  structural  material.  The 
research  program  was  carried  out  in  two  separate  parts:  (A)  determining 
dynamic  moduli  and  damping,  and  (B)  determining  fatigue  behavior.  In  each 
part,  two  types  of  hexagonal -cell  honeycomb  core  materials  were  investiga- 
ed:  5052  aluminum  foil  and  HRP  (heat  resistant  phenolic)  fiberglass.  The 
selection  of  the  sandwich  configuration  and  fabrication  procedures  was 
based  upon  previous  research  carried  out  at  the  University  of  Oklahoma  Re¬ 
search  Institute  for  USAAVLABS  (references  29  and  30). 

In  the  dynamic  moduli  and  damping  experiment,  beam  strips  were  suspended 
at  the  nodes  for  the  lowest  symmetrical  mode  and  excited  acoustically  at 
the  frequency  corresponding  to  this  mode.  Then  the  power  was  cut  off  and 
the  decay  in  facing  strain  at  the  beam  center  line  was  recorded  versus 
time.  By  means  of  a  new  refined  vibration  analysis  of  sandwich  beams,  it 
was  possible  to  use  the  static  moduli  (the  modulus  of  elasticity  of  the 
facings  and  the  shear  modulus  of  the  core)  to  predict  the  lowest  natural 
frequency  ard  corresponding  node  location.  Over  the  frequency  range  cover¬ 
ed  (300  to  700  cps),  the  agreement  between  predicted  and  measured  values 
was  good,  so  that  it  was  concluded  that  the  dynamic  moduli  were  the  same 
as  the  corresponding  static  moduli.  The  damping  was  determined  directly 
in  terms  of  the  logarithmic  decrement  for  free  vibration  of  the  composite. 
The  log  decrement  values  obtained  ranged  from  0.023  to  0.049,  with  the 
values  for  the  fiberglass -core  beams  generally  slightly  higher  than  those 
for  the  aluminum-core  beams.  There  was  no  significant  effect  of  stress 
level  on  damping  (up  to  the  maximum  stress  level  covered,  1270  psi),  but 
there  was  an  effect  of  frequency,  the  peak  occurring  at  approximately  500 
cps. 

In  the  fatigue  experiment,  a  special  specimen  and  an  associated  loading 
fixture  were  devised  to  subject  a  test  length  of  the  specimen  to  a  cyclic 
constant  bending  moment  along  the  test  length.  Exltatlon  was  provided  by 
an  electromagnetic  exciter  with  force  control  achieved  by  use  of  a  pleso- 
electrlc  force  gcge.  No  significant  difference  was  found  between  the 
fatigue  behavior  of  the  specimens  with  aluminum  cores  and  those  with 
fiberglass  cores.  There  was  no  apparent  endurance  limit  within  10  million 
cycles  of  load  as  often  occurs  in  metals.  However,  design  for  various 
cyclic  lives  can  be  accomplished  In  terms  of  corresponding  fatigue  strength 
values.  Thus,  the  life  corresponding  to  a  stress  amplitude  of  38  per 
cent  of  the  ultimate  static  strength  is  approximately  105  cycles,  while 
for  a  stress  of  29  per  cent,  the  life  is  approximately  10?  cycles. 
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DISCUSSION 


PART  A  -  DYNAMIC  MODULI  AND  DAMPING 


1 .  Introduction 


The  objective  of  the  dynamic  moduli  and  damping  phase  of  the  research 
was  to  obtain  experimentally  the  two  properties  for  fiberglass- 
reinforced  plastic  (FRP)  sandwich  suitable  for  use  in  primary  air¬ 
craft  structure.  The  dynamic  moduli  sought  were  the  dynamic  modulus 
of  elasticity  of  the  facings  and  the  dynamic  shear  modulus  of  the  core. 
Logarithmic  decrement  (defined  in  section  A4a)  was  selected  as  the 
measure  of  damping. 

In  particular,  the  sandwich  construction  evaluated  consisted  of 
fiberglass-epoxy  facings  and  honeycomb  cores  of  either  aluminum  or  HRP 
fiberglass.  Prior  to  the  present  work,  very  little  information  had 
been  obtained  regarding  the  dynamic  properties  of  this  very  promising 
structural  material.  As  discussed  in  the  literature  reviews  that 
follow,  apparently  there  are  no  tests  directly  comparable  to  those 
reported  here. 

In  these  tests  recently  conducted  at  the  University  of  Oklahoma 
Research  Institute  (OURI) ,  the  dynamic  properties  were  determined  at 
five  first -mode  frequencies  ranging  from  300  to  700  cps,  and,  in 
addition,  the  logarithmic  decrement  was  determined  at  five  facing 
strees-amplltude  levels  ranging  from  270  to  1270  psi  at  each  frequency. 
A  new,  refined  vibration  analysis  for  sandwich-type  beams  was  developed 
to  facilitate  the  calculation  of  the  dynamic  moduli  from  the  precise 
frequency  and  node  measurements  made  in  the  laboratory.  The  logarith¬ 
mic  decrement  was  determined  by  measurement  of  the  decay  of  free 
vibrations  with  time.  A  significant  aspect  of  the  program  is  that  all 
of  the  required  data  for  a  given  type  sandwich  construction  and  j 
given  frequency  were  measured  on  a  single  beam  specimen. 

2.  Description  of  Experiment 

The  experiment  consisted  of  taking  measurements  on  a  series  of  beam 
6trlps  sized  in  length  to  resonate  as  closely  as  possible  to  the 
following  frequencies:  300,  400,  300,  600,  and  700  cps.  While 
suspended  in  the  free-free  condition,  the  exact  frequencies  and  flex¬ 
ural  node  locations  were  recorded  for  sinusoidal  exltatlon  by  acous¬ 
tical  means.  Then  the  exltatlon  was  cut  off  and  photographs  were 
taken  of  the  decaying  facing-strain  oscillations.  The  details  of 
the  work  are  presented  on  the  following  pages. 

a.  Test  Specimens 

The  structural  sandwich  tested  consisted  of  fiberglass-epoxy 

f icing  laminates  separately  bonded  to  hexagonal-cell  honeycomb 
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cores.  The  laminates  were  fabricated  In  the  following  manner 
using  E-glass,  181-weave,  flberglaas  fabric  and  EPON  828  epoxy 
resin  activated  by  curing  agent  Z. 

Hie  fabric  was  Impregnated  with  heated  resin  In  a  multi-ply 
coating  machine  designed  and  constructed  for  USAAVLABS  in  a  previous 
program  (reference  30)  and  modified  as  a  part  of  Phase  I  of  the 
present  contract  (reference  29).  Three  layers  of  fabric  were 
simultaneously  Impregnated  by  the  vat  and  roller  syatem  to  form 
a  pre-preg  which  was  allowed  to  partially  cure  (B-stage)  for  10 
hours  at  room  temperature.  The  material  was  then  cut  to  facing 
site  (22  x  28  Inches  for  the  aluminum-core  panels  or  19  x  28 
Inches  for  the  fiberglass-core  panels)  and  placed  In  cold  storage 
until  used. 

The  facing  cure  was  accomplished  In  a  hydraulic  press  equipped 
with  electrically  heated  platens.  The  pre-preg  was  thawed,  the 
thin  polyethylene  protective  films  were  removed,  and  the  raw  lamin¬ 
ate  was  placed  between  thin  caul  sheets  using  6-mll  polyvinyl 
alcohol  (PVA)  film  for  a  parting  agent.  The  caul  aheeta  and  lamin¬ 
ate  were  placed  In  the  press  set  at  160  degrees  Fahrenheit,  pre- 
cured  without  preasure  for  8  minutes,  and  then  cured  for  the  re¬ 
mainder  of  90  minutes  under  30-psl  pressure.  In  Phase  I  of  this 
research  program  (reference  29),  these  conditions  of  cure  were 
observed  to  produce  a  good  balance  between  surface  smoothness  and 
strength  properties.  After  cure  In  the  press,  the  laminates  were 
then  post-cured  In  a  recirculating,  hot-air  oven  for  2  hours  at  300 
degrees  Fahrenheit. 

One  facing  laminate  was  taken  from  the  sandwich  program,  cut  Into 
specimens,  and  tested  for  strength  properties.  The  details  of 
specimen  preparation  and  test  precedure  are  discussed  In  ref¬ 
erence  29.  The  test  data  are  presented  In  Table  1  on  the  follow¬ 
ing  page.  The  average  thickness  of  the  facings  was  0.0339  Inch 
at  an  average  resin  content  of  3S.7  per  cent.  It  was  noted  that 
these  laminates  possessed  excellent  surface  smoothness,  but  were 
slightly  lower  In  ultimate  strength  than  those  previously  pro¬ 
duced  by  0URI  (reference  30).  These  conditions  are  attributed  to 
the  shorter  pre-cure  phase  employed  In  the  cure  cycle- -only  50 
per  cent  of  the  resin  gel  time. 

Two  core  materials  manufactured  by  Hexcel  Products,  Inc.  were 
used  in  this  study  of  dynamic  properties  of  sandwich.  These  were 
3/4-lnch-thlck,  3/16-inch  hexagonal  cell  honeycomb  constructed 
of  (1)  5052  aluminum,  1-mil  perforated  foil  (density  •  3.1  pounds 
per  cubic  foot)  and  (2)  fiberglass  (HRP-heat  resistant  phenolic, 
denalty  ■  4.4  pounds  per  cubic  foot).  The  shear  properties  of 
these  cores  «c?e  determined  by  test  according  to  paragraph 
5.1.5  of  reference  38.  The  data  are  tabulated  In  Table  1. 
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The  sandwich  assembly  was  accomplished  in  the  press  at  3S0  degrees 
Fahrenheit  under  10-psi  pressure  for  40  minutes.  Minnesota  Mining 
and  Manufacturing  Company's  film-supported  adhesive,  AF-UOB,  was 
used  to  effect  the  core-to-facing  bond.  For  the  aluminum  core, 
the  ribbon  was  oriented  parallel  to  the  facing  fabric  warp  direc¬ 
tion;  for  the  HRP-fiberglass  core,  the  ribbon  was  oriented  perpe.i 
dicular  to  the  warp  direction.  This  was  necessary  in  the  latter 
case  because  the  HRP  core  could  be  purchased  only  with  a  19-inch 
dimension  in  the  ribbon  direction. 

Prior  to  sandwich  assembly,  precise  determinations  were  made  of 
the  core  and  facing  specific  weights.  These  values  are  also  pre¬ 
sented  in  Table  l.  The  specimens  weighed  for  these  determinations 
were  all  of  sandwich  panel  site. 

After  fabrication,  the  sandwich  panels  were  cut  into  3-lnch-wldc 
strips  with  their  length  directions  parallel  to  the  facing  fabric 
warp  direction  and  earmarked  for  either  the  damping  or  the  fatigue 
program  by  use  of  a  random  number  table.  The  strips  assigned  to 
the  damping  program  were  further  trlmed  to  length  on  a  table  saw 
equipped  with  an  abrasive-wheel  blade,  the  exact  lengths  of  the 
beam  strips  being  dictated  by  the  test  frequency  (see  the  test 
procedure  for  the  details  of  cutting).  The  dimensions  of  the 
specimens  were  measured  with  the  following  accuracy:  length-- 
within  1/64  inch;  wldth--wlthln  0.01  inch;  thlckness--wlthln 
0.001  inch.  On  the  average,  the  specimens  were  3.0  Inches  wide 
and  0.815  inch  thick.  The  remaining  data  are  tabulated  in  Tables 
2  and  3  on  pages  12  and  13. 

b.  Test  Apparatus 

The  apparatus  which  was  used  to  measure  the  material  damping  pro¬ 
perties  of  the  FRP  facing -honeycomb  core  structural  sandwich  con¬ 
sists  of  an  acoustical  driving  system  and  a  system  to  detect  and 
record  the  damped  facing  strain  oscillations  of  a  beam  strip  speci¬ 
men.  Photographs  of  the  test  set-up  and  the  test  equipment  sre 
presented  in  Figure  1  and  2,  respectively.  A  block  diagram  of  the 
entire  system  is  given  In  Figure  3,  along  with  a  list  and  brief 
description  of  the  major  components  of  the  electronic  equipment. 

The  test  apparatus  Is  in  essence  a  vertical,  rectangular  frame 
with  three  plywood  cross  members  (Figure  1).  The  vertical  members 
of  the  fraeie  are  steel  all-thread  screws  ”hlch  permit  accurate  lo¬ 
cation  of  the  cross  members.  The  two  lower  cross  members  support 
the  speakers  between  which  the  beam  specimen  is  suspended.  The 
upper  cross  member  supports  the  specimen  by  way  of  nylon  lines 
(0.014-lnch  diameter)  looped  around  suspension  pins  pushed  into 
the  core  in  the  center  of  the  sandwich  thickness  dimension  snd  at 
the  flexutal  nodes.  In  this  configuration  the  dual  speaker  system 
acoustically  drives  the  specimen  at  its  mid-span  In  free-free 
flexural  vibration. 
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Figure  1.  Test  Apparatus  for  Maasur event  of  Dynam¬ 
ic  Properties.  A,  Suspension  Lines;  B,  Test  Speci¬ 
men;  C,  Driving  Speakers;  D,  Test  Stand;  E,  Trigger 
Switch. 


Figure  2.  Electronic  Equipment  Employed  in  Meas¬ 
urement  of  Dynamic  Properties.  A,  Audio  Oscilla¬ 
tor;  B,  Frequency  Counter;  C,  Power  Amplifier;  F, 
Oscilloscope;  G,  Oscilloscope  Camera  and  Camera 
Mount;  H,  Carrier  Amplifier;  I,  Power  Supply;  J, 
Bridge  Circuit;  K,  Carrier  Oscillator;  L,  Battery 
for  Trigger  Circuit. 
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Figure  3.  Wiring  Diagram  and  Instrumentation  Used 
in  the  Measurement  of  Dynamic  Properties  of  FRP 
Facing-Honeycomb  Core  Sandwich. 


The  following  factors  were  considered  In  the  choice  of  the 
driving  speaker*:  sice,  power  handling  capacity!  and  frequency 
response.  The  sice  of  the  specimen  (3  Inches  wide)  dictated  a 
small  speaker  to  Insure  maximum  concentration  of  acoustical 
energy  on  the  specimen.  A  horn-type  (siren)  speaker  was  selected 
rather  than  a  cone-type  because  of  greater  power  handling  capacity 
and  acoustical  efficiency.  The  energy  transfer  to  the  specimen 
was  optimized,  not  only  by  usin'*  the  dual  arrangement  (speakers 
operating  180  degrees  out  of  phase),  but  also  by  placing  an 
Insert  (plug)  In  each  horn,  which  was  of  optimum  depth  and  diam¬ 
eter  of  opening  (diameter  equal  to  specimen  width,  see  Figure  4). 
Ideally,  the  frequency  response  of  the  speakers  should  be  flat 
over  the  operating  range,  but  in  view  of  the  time  and  cost  neces¬ 
sary  to  develop  such  a  speaker,  those  commercially  available  were 
favored.  The  partlculur  speaker  chosen  had  the  maximum  frequency 
response  In  approximately  the  middle  of  the  operating  spectrum 
(300  to  700  cps). 

The  response  of  the  specimen  was  detected  by  strain  gages  located 
on  the  top  and  bottom  facings  at  the  m<d-span.  The  recording 
system  included  an  AC  bridge  circuit,  an  AC  amplifier,  and  an 
oscilloscope  with  camera  attachment.  The  AC  bridge  was  selected 
In  order  tt  ise  the  reliable,  low-cost  AC  amplifier.  The  partlc> 
ular  amplifier  used  was  chosen  for  Its  low  noise  characteristics. 

A  carrier  frequency  of  6,000  cps  was  determined  to  be  optimum 
for  this  particular  assemblage  of  equipment.  Thr  strain  gages 
were  placed  in  adjacent  arms  of  the  bridge  relative  to  the 
impressed  voltage  (reference  12)  for  a  larger  output  signal  and 
for  temperature  compensation. 

The  bridge  circuit  was  operated  In  the  unbalanced  condition  and 
the  signal  was  not  demodulated  for  the  following  reasons:  (1)  all 
the  desired  information  was  displayed  In  the  modulated  signal, 

(2)  the  signal  is  usuall"  Jamaged  by  the  demodulation  circuitry, 
and  (3)  calibration  *.nd  . hotograph  measurement  are  simplified 
(see  data  reduction  procedure). 

The  Tektronix  503  oscilloscope  with  camera  attachment  (Model 
C-12)  was  used  to  photograph  the  decaying  modulated  carrier  signal. 
A  two-pole,  double-throw  switch  in  a  simple  battery  circuit,  as 
shown  in  Figure  3,  was  used  to  simultaneously  Interrupt  the  driv¬ 
ing  circuit  and  trigger  the  oscilloscope. 

c.  Experimental  Procedure 

The  sandwich  strips  were  first  cut  to  length  according  to  the 
desired  natural  frequencies.  This  was  accomplished  by  trimming 
the  length  of  the  beams  by  small  Increments  until  their  lowest 
natural  frequencies  approached  the  desired  values.  The  frequencies 
were  determined  with  the  aid  of  powdered  molybdenum  disulphide. 
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Figure  4.  Detail  View  of  Test  Set-Up  for  Measurement  of  Dynamic 
1'ropertles.  A,  Lower  Driving  Speaker  Showing  the  Insert  with  the 
3-Inch-Diameter  Opening  (Upper  Speaker  Has  Been  Removed);  B,  Alu¬ 
minum  Core  Test  Specimen;  C,  Small  Sliding  Clip  Used  in  Locating 
Flexural  Nodes;  D,  Strain  Gage;  E,  Strain  Gage  Leads;  F,  Suspen¬ 
sion  Lines. 
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The  beam  stripe  were  suspended  in  e  staple  credle  or  loop  In  the 
vicinity  of  the  node  points,  end  e  smell  amount  of  the  black  pow¬ 
der  was  dusted  on  the  upper  facing.  The  driving  frequency  was 
then  adjusted  until  the  lowest  frequency  was  found  that  would 
cause  the  powder  to  collect  into  a  thin  line  at  the  node  locations. 

After  the  specimens  had  been  tuned  (the  lengths  established), 
the  strain  gages  were  bonded  to  the  top  and  bottom  facings. 

Castmen  910  cement  war  used  for  this  purpose.  The  gages  were 
located  within  1/64  inch  of  the  center  of  the  facln6s  and  within 
3  degrees  of  true  alignment. 

Number  37  copper  wire  was  used  for  the  strain-gage  leads.  The 
wires  were  taped  to  the  facings  from  the  strain-gage  connection 
co  the  vicinity  of  the  vibration  nodes,  with  small  fatigue  loops 
being  provided  at  the  gage  connections.  The  lead  wires  were 
brought  from  the  specimens  at  the  nodes  to  minimize  energy  losses 
(see  Figure  4) . 

Next,  the  precise  locations  of  the  vibration  nodes  were  determin¬ 
ed.  For  these  and  the  remaining  test  special  effort  was  made  to 
Insure  that  the  driving  speakers  were  vertical  and  that  the 
specimens  were  suspended  horlzo'  illy  and  in  the  center  of  the 
speaker  arrangement. 

The  specimens  were  suspended  at  four  points  by  nylon  lines 
looped  around  the  pins  of  the  small  clips  shown  in  Figure  4. 
Observing  the  peak-out  of  the  strain-gage  signal  displayed  on 
the  oscilloscope,  the  previous  determination  of  the  specimen 
natural  frequency  was  confirmed  and  the  exact  value  was  recorded 
to  the  nearest  cycle  per  second.  With  the  specimen  being  driven 
at  this  frequency,  the  black  powder  was  dusted  on  the  upper 
facing  and  the  suspenclon  clips  were  moved  along  the  edge  of  the 
specimen  until  the  node  lines  became  straight  and  the  auspenslon 
points  were  located  at  the  ends  of  these  lines.  It  should  be 
mentioned  that  the  clips  were  suide  from  10-mll-thlck  brass  shim 
stock  and,  hence,  were  very  light,  yet  stiff  enough  to  maintain 
any  preset  position. 

The  apparatus  was  then  shut  down,  and  the  powder  lines  were  re¬ 
placed  with  pencil  lines.  After  the  pencil  lines  had  been  drawn, 
three  measurements  were  made  of  their  locations  from  the  ends  of 
the  specimens.  The  average  values  are  recorded  in  Tables  2  and  3 
on  pages  12  and  13,  respectively. 

Although  the  clips  were  convenient  for  the  node  determinations, 
aluminum  pins  pushed  into  the  core  midway  between  the  facings  was 
favored  as  the  means  of  suspension  during  the  damping  tests.  It 
was  possible  to  Insert  the  pens  within  1/32  inch  of  the  nodes. 
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With  the  pins  in  place,  each  specimen  was  again  installed  in  the 
test  apparatus.  Both  before  and  after  each  damping  test,  polaroid 
photos  were  taken  of  the  carrier  signal  and  the  carrier  signal 
modified  by  thj  shunting  of  a  calibration  resistor  across  an 
active  strain  gage.  Each  specimen  was  then  vibrated  at  maximum 
amplitude.  The  oscilloscope  was  placed  on  external  trigger  and 
the  camera  shutter  opened  in  preparation  for  the  photographing 
of  the  decaying  strain-gage  signal.  The  throwing  of  the  trigger 
switch  followed  by  the  closing  of  the  camera  shutter  then  com¬ 
pleted  the  operation.  The  film  used  for  these  recordings  was 
the  Polaroid  3,000  speed,  Type  47. 

Initially,  in  the  preliminary  tests,  the  speakers  were  placed 
as  close  to  the  specimens  as  1/4  inch  to  Induce  the  greatest 
possible  facing  stresses.  However,  it  appeared  that  the  proximity 
of  the  speakers  was  contributing  to  the  damping  of  the  specimens, 
and  for  this  reason,  a  distance  of  1  inch  was  used  during  the  test 
program.  The  distance  of  1  inch  for  speaker-specimen  separation 
was  determined  in  an  extensive  side  investigation  in  which  separ¬ 
ation  distances  up  to  l.S  Inches  were  compared.  The  1-lnch  dis¬ 
tance  was  the  mlnumum  distance  at  which  no  speaker  damping  effects 
were  noted. 

The  photographs  were  measured  by  projecting  them  onto  a  large 
screen  where  an  engineering  tape  graduated  in  sixteenths  could  be 
used.  The  average  magnification  was  12  to  1.  The  orthogonality 
of  the  projection  was  assured  by  comparing  th^  magnifications 
of  two  accurately  measured  blocks  that  had  been  taped  to  the 
left  and  right  sides  of  the  oscilloscope  screen  and,  thus,  were 
photographed  with  the  wave  forms.  Each  carrier  and  modified 
carrier  signal  was  measured  six  times,  and  the  average  value  in 
each  case  was  used  in  the  calculations.  Only  one  measurement 
was  made  of  the  peak  magnitude  of  each  strain  oscillation. 

Fig  8,  on  page  35,  is  a  typical  photo  of  the  decaying  strain 
signal. 

The  experimental  data  are  presented  in  Tables  2  and  3,  on  the 
following  pages.  The  calculation  procedures  and  the  interpre¬ 
tation  of  the  results  are  presented  in  later  sections. 


3.  Dynamic  Moduli 

Before  presenting  the  new  analysis  used  in  this  project  to  determine 
the  dynamic  moduli,  it  is  worthwhile  to  discuss  previous  analyses 
of  sandwich-beam  vibration;  this  is  done  in  section  a  that  follows. 
Furthermore,  since  the  new  analysis  is  an  extension  of  the  so-called 
Timoshenko  beam  theory  and  since  many  analyses  based  on  this  theory 
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The  double  asterisk  is  used  to  mark  the  thickest  end  of  the  specimens  where  the  difference  is  greater 
than  0.00S  inch. 


equation  for  the  natural  frequency  corresponding  to  any  node. 

The  primary  objection  to  their  analysis,  as  well  as  all  sub¬ 
sequent  energy  analyses  in  this  area,  is  that  they  computed  the 
energies  based  on  a  mode  shape  assumed  to  be  the  same  as  that  of 
a  simple,  homogeneous  (Bernoulli-Euler)  beam.  They  should  have 
adjusted  the  mode  shape  to  obtain  a  minimum  value  of  the  natural 
frequency.  Due  to  the  considerable  effects  of  transverse  shear 
and  rotatory  inertia  in  a  sandwich  beam,  the  adjusted  mode  shape 
would  be  expected  to  be  quite  different  than  the  shape  they 
assumed.  Thus,  the  frequency  value  predicted  by  their  theory 
would  be  expected  to  be  higher  than  the  exact  value.  In  their 
paper,  Kimel,  Ravi lie,  et  al  published  experimental  results 
only  for  the  natural  frequencies  associated  with  the  fifth  and 
higher  modes.  Agreement  between  natural  frequencies  calculated 
by  using  static  moduli  and  the  natural  frequencies  measured 
experimentally  was  fair.  Theoretical  values  were  high  In  two 
teits  and  low  in  the  other  two. 

The  next  paper,  by  Ravllle  et  al  (reference  33),  also  was  an 
energy  analysis.  The  assumptions  made  were  similar  to  those  of 
Kimel,  Ravllle,  et  al,  except  that  here  the  facings  were  assumed 
to  be  Identical  and  the  boundary  conditions  were  those  for  a 
beam  clamped  at  each  end.  This  analysis  did  not  result  In  an 
explicit  express' on  for  natural  frequency;  Instead  It  resulted 
in  a  frequency  equation  In  the  form  of  a  series  requiring  36 
terms  for  proper  convergence.  In  all  the  beams  tested,  the 
theoretical  frequency  values  based  on  static  moduli  were  higher 
than  the  experimentally  measured  values,  as  would  be  expected 
when  an  energy  method  is  used  and  the  mode  shape  is  not  adjusted 
as  previously  described. 

The  next  analysis  was  one  by  Glaser  (reference  13),  In  which  the 
rotatory  Inertia  was  neglected.  There  was  no  good  reason  to 
neglect  this,  since  It  would  have  resulted  In  merely  a  change  In 
the  coefficient  of  the  shear  flexibility  term  in  the  final 
differential  equation.  The  natural  frequencies  of  the  first 
five  modes  were  measured  for  sandwich  and  monolithic  beams  with 
various  end  conditions.  In  all  cases,  the  calculated  frequency 
values  were  much  higher  than  the  experimental  ones  for  the  first 
mode,  quite  close  for  the  second  and  third  modes,  and  -ver  than 
the  experimental  ones  for  the  fourth  and  fifth  modes,  oince  this 
trend  was  observed  even  in  the  case  of  the  monolithic  beam,  It 
must  be  concluded  that  there  was  a  serious  error  in  either  the 
calculations  or  the  measurements. 

In  1961,  James  (reference  16)  made  ar.  energy  analysis  which  was 
very  similar  to  that  of  Kimel,  Ravllle,  et  al  except  that  James 
considered  a  free-free  beam  with  identical  facings.  He  considered 
only  the  lowest  natural  frequency  and  obtained  an  explicit  equa¬ 
tion  for  It.  Although  James  obtained  good  agreement  between  his 
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theoretical  end  experimental  value*,  the  theoretical  value*  were 
higher  in  eleven  out  of  twelve  test*.  It  should  be  mentioned 
that  good  agreement  in  terms  of  natural  frequency  alone  is  not 
sufficient,  since  node  locations  may  'till  be  in  considerable 
error.  Unfortunately,  James  did  not  measure  the  experimental 
node  locations. 

The  first  direct  application  of  Timoshenko  beam  vibration 
theory  to  sandwich  beams  was  made  by  Clary  and  Leadbetter 
(reference  8)  in  1963.  However,  they  used  the  same  boundary 
conditions  used  by  Krustewskl  (reference  24)  in  1949,  which 
were  later  shown  by  others  to  be  Incorrect,  as  discussed  in 
detail  in  the  next  section. 

The  most  recent  analysis  is  one  by  Dar  (reference  10),  who  used 
an  approach  similar  to  that  of  Raville  et  al  and  Included  the 
effect  of  thickness -normal  deformation,  which  turned  out  to  be 
negligible  in  practical  cases. 

b.  Literature  Review:  Tlswahenko  Beam  Theory 

The  elementary  Bernoulll-Euler  theory  for  the  vibration  of  a 
macroscoplcally  homogeneous  beam  considers  only  flexural  flexi¬ 
bility  and  lateral  translational  inertia.  A  beam  incorporating 
in  addition  the  effects  of  transverse -shear  flexibility  and 
rotatory  inertia  is  usually  referred  to  as  a  Timoshenko  beam, 
since  the  first  derivation  of  the  differential  equations  which 
govern  the  motion  of  such  beams  is  generally  attributed  to 
Timoshenko  (reference  40) .  The  incorporation  of  the  effect  of 
rotatory  inertia  alone  is  generally  attributed  to  Rayleigh 
(reference  34)  in  the  1870's,  while  Timoshenko  added  the  effect 
of  shear  flexibility  in  1921.  However,  according  to  Mlndlln  and 
Dereslewlcs  (reference  27),  Bresse  (reference  6)  as  early  as  1859 
was  the  first  to  adH  both  rotatory-inertia  and  shear-flexibility 
effects  to  the  simple  Bernoulll-Euler  beam  theory. 

Although  the  so-called  Timoshenko  beam  equations  date  back  many, 
many  years,  apparently  the  most  exact  boundary  conditions  for  use 
with  them  were  not  derived  until  1951,  by  Cengler  and  Goland 
(reference  11),  in  treating  beam  Impact.  The  first  use  of  these 
boundary  conditions  in  beam  vibration  analysis  is  due  to  Anderson 
(reference  2). 

The  series  solution  of  Anderson  is  cumbersome  to  apply.  However, 
Tralll-Nash  and  Collar  (reference  44)  obtained  a  general  closed- 
form  solution  of  the  differential  equations  and  gave  the  resulting 
frequency  equations  for  a  variety  of  simple  boundary  conditions 
(all  combinations  of  fixed,  simply  supported,  and  free  ends). 
Recently,  Huang  (reference  15),  apparently  unaware  of  the  work  of 
Tralll-Nash  and  Collar,  presented  an  equivalent  analysis  and  also 
gave  equations  for  the  normal  mode  shapes. 
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The  proper  determination  of  the  transverse  shear  coefficient 
K  for  even  a  beam  of  homogeneous,  isotropic  material  has  also 
bean  the  si  bject  of  considerable  controversy.  In  his  original 
analysis,  Timoshenko  (reference  40)  used  the  static  value  of  2/3 
for  a  rectangular  section.  In  a  later  paper  (reference  41), 
Timoshenko  used  a  static  value  of  0.889,  which  was  based  upon 
some  photoelastic  measurements  by  Fllon.  In  the  latest  edition 
of  his  vibration  book  (reference  42,  page  335),  Timoshenko 
recommends  the  use  of  0.833  for  K,  which  coincides  with  the 
results  of  Relsonrr's  static  analysis  (reference  3S)  using  a 
variational  principle.  As  early  as  1951,  Mlndlln  (reference  26 
and  27)  noted  that  a  static  value  of  K  is  not  appropriate,  since 
the  problem  is  a  dynamic  one.  For  a  homogeneous,  isotropic  beam 
of  rectangular  cross  section,  he  obtained  a  value  of  0.822  for  K. 

Since  the  values  of  0.833  and  0.822  are  very  close,  there  is 
no  significant  difference  between  the  static  and  dynamic  values 
of  K  for  a  homogeneous,  isotropic  beam. 

c.  New  Analysis 

In  previous  work  (reference  8)  in  which  the  Tlmoshenko-beam 
approach  was  applied  to  sandwich  beams,  no  mention  waa  made 
of  the  value  used  for  the  shear  coefficient  (shape  factor)  K. 
Apparently  a  value  in  the  vicinity  of  0.8,  which  is  applicable 
only  to  rectangular-cross-section  beams  of  homogeneous  construc¬ 
tion,  was  used. 

In  his  energy  solution  for  the  vibration  of  a  sandwich  beam, 

James  (reference  16)  used  an  effective  value  of  K  given  by 

K  -  1  +  (tf/c)  (1) 

where  t£  is  the  thickness  of  one  facing  and  c  is  the  core  thick¬ 
ness.  For  the  sandwich  constructor  with  which  the  present 
project  is  concerned,  this  amounts  to  a  value  of  1.04  for  K. 

The  approach  used  here  to  arrive  at  the  correct  dynamic  value 
of  K  for  a  sandwich  beam  is  simply  the  same  approach  used  by 
Mlndlln  (reference  26  and  27)  to  determine  the  dynamic  value  of 
K  for  a  rectangular-cross-section,  monolithic  beam. 

Application  of  Equation  (A-l)  in  the  Appendix  to  pure  thickness- 
shear  motion  requires  that  y  and  its  derivatives  in  Equation  (A-l) 
be  set  equal  to  sero.  Thus,  Equation  (A-l)  reduces  to  simply 

d/>/jx  -  0.  (2) 
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Now  putting  y  ■  0  (no  bonding  deflection)  end  Equation  (2)  into 
Equation  (A-2)  In  the  Appendix  results  in  the  following  differ* 
entlal  equation  in  the  shear  slope: 

+  -  o.  (3) 

from  Equation  (3),  the  natural  frequency  &)'  (rad/sec)  of  pure 
thickness-shear  vibration  according  to  the  Timoshenko-beam  theory 

Is 


djf 

dt2 


-  (GAK/J)1/2.  (4) 

However,  according  to  the  three-dimensional  theory  of  elasticity, 
the  natural  frequency  £Jg  for  a  rectangular  cross-sectional 
element  (of  the  core)  of  depth  c  in  pure  shear  motion  is  (refer¬ 
ence  43) 

-  (fTlc)  (G/f>  )1/2  (5) 

where  p  is  the  effective  density.  Using  total  mass  of  the  facings 
and  core  gives 


p  -  M/Bc  (6) 

where  B  is  the  beam  cross-sectional  width. 

Equating  4^' g  in  Equation  (4)  to  Ct)t  In  Equation  (5),  incorporating 
Equation  (6),  and  simplifying: 

K  -  (J/M)  (fT/c)2.  (7) 

It  is  to  be  noted  that  Equation  (7)  shows  that  for  a  sandwich 
beam  of  rectangular  cross  section,  K  depends  upon  the  combination 
of  rotatory  mass  moment  of  inertia,  mass,  and  core  depth.  This 
is  in  contrast  to  a  monolithic  beam  of  rectangular  cross  section, 
for  which  K  is  equal  to  ff2/l2  (pm 0.822)  regardless  of  the  beam 
mass  or  cross-sectional  dimensions.  However,  as  a  check  of 
Equation  (7),  if  the  specific  relationship  for  J/M  which  holds 
for  a  monolithic  rectangular  cross  section,  namely, 

J/M  -  1/3  (c/2)2  -  c2/12, 

is  substituted  into  Equation  (7),  the  result  is  K  »  f^/12, 
which  checks. 

The  considerable  difference  between  the  shear  coefficient  of  a 
sandwich  beam  and  that  of  a  monolithic  beam  is  shown  in  the  next 
section,  which  covers  a  imple  calculation. 
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In  a  previous  research  investigation  (reference  22),  measured 
natural  frequency  has  been  used  in  conjunction  with  theoretical 
analysis  to  calculate  the  dynamic  shear  modulus  G  of  the  core, 
assuming  that  the  dynamic  elastic  modulus  E  of  the  facing  is 
equal  to  the  measured  value  of  the  static  elastic  moduluc . 
However,  this  violates  the  basic  principles  of  good  experimenta¬ 
tion,  since  there  is  no  more  basis  for  assuming  that  E  has  a 
dynamic  value  equal  to  its  static  value  than  for  making  the  same 
assumption  for  G. 

In  another  study  (reference  13),  experimental  results  obtained 
for  one  set  of  boundary  conditions  were  used  to  determine  the 
dynamic  value  of  G,  and  then  this  value  of  G  was  used  to  compute 
the  natural  frequencies  associated  with  other  sets  of  boundary 
conditions.  These  latter  values  were  then  compared  with  the 
measured  natural  frequencies  for  the  other  conditions  to  assess 
the  accuracy  of  the  frequency  analysis.  The  agreements  between 
theory  and  experiment  were  poor  perhaps  because  of  two  reasons: 
(a)  the  theory  was  too  crude,  and  (b)  different  boundary  condi¬ 
tions  results  in  different  natural  frequencies  and  yet  both  E 
and  G  may  be  frequency  dependent.  One  way  to  overcome  this 
difficulty  would  be  to  use  beams  of  different  lengths  with  the 
different  boundary  conditions  and  to  select  these  lengths  so  that 
there  would  always  be  at  least  one  pair  of  sets  of  boundary 
conditions  ior  each  frequency.  However,  this  approach  still 
requires  a  large  number  of  beama  with  at  least  two  different 
kinds  of  support  conditions. 

In  order  to  reduce  the  number  of  tests  and  the  number  of  kinds 
of  support  fixtures  required  in  the  present  project,  It  was 
desired  to  arrive  at  a  method  of  obtaining  sufficient  information 
from  a  vibration  test  of  a  given  beam  specimen  vibrating  at  one 
frequency  (the  loweat  natural  frequency)  to  be  able  to  determine 
the  dynamic  values  of  both  E  and  G  at  tha..  frequency.  The  method 
devised  to  achieve  this  objective  is  the  simple  one  of  assuring 
the  node  location  in  addition  to  the  lowest  natural  frequency. 
(Node  locations  are  determined  quite  easily  experimentally  by 
sprinkling  fine  powder  on  the  specimen.  The  location  to  which 
the  powder  moves  is  the  node  location.  This  was  the  method  used 
many  yeara  ago  to  obtain  the  famous  "Chadnal  figures"  associated 
with  plates  vibrating  in  various  modes.) 

To  establish  the  validity  of  the  concept  used,  it  must  be  shown 
that: 

(1)  The  theoretical  expressions  for  natural  f  equency  and 
node  location  depend  upon  E  and  G. 

(2)  For  a  beam  of  given  geometry  and  composed  of  core  and 
facing  materials  rf  given  density,  there  is  only  one 
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unique  combination  of  values  for  E  and  G  which  will 
result  in  the  measured  combination  of  lowest  natural 
frequency  and  the  associated  node  locations. 

To  meet  the  first  requirement  mentioned,  it  is  noted  that  from 
the  second  of  Equations  (A-8)  in  the  Appendix,  the  natural 
frequency  depends  upon  E  and  the  parameter  b2.  To  calculate 
the  node  locations,  the  right-hand  side  of  Equation  (A-26)  in 
the  Appendix  must  be  set  equal  to  sero  to  obtain  the  following 
equation: 

cosh  b •  AVsinh  b«tf£  + 

(1  /S)  cos  bf€  -  Vsln  bfl€  -  0.  (8) 

The  value  of  6  which  satisfies  Equation  (8)  is  the  dimensionless 
position  at  which  the  node  occurs,  denoted  by  CN  Omx^/L,  where 
Xty  is  the  actual  position  of  the  node).  From  Equation  (8),  6^ 
depends  upon  the  parameter  b.  Thus,  both  the  natural  frequency 
and  the  node  location  depend  upon  the  value  of  b.  From  the 
frequency  equation,  Equation  (A-24)  in  the  Appendix,  the  value 
of  b  depends  upon  the  value  of  s2,  which  in  turn  depends  upon 
the  ratio  E/G,  as  is  easily  seen  from  the  definition  of  s2  in 
the  last  of  Equations  (A~8)  in  the  Appendix.  Thus,  it  has  bean 
shown  that  A)  depends  upon  both  E  and  E/G  and  that  y  j  depends 
upon  only  E/G. 

From  the  foregoing,  it  is  seen  that  although  a  given  node  location 
Xty  doea  not  uniquely  determine  a  single  combination  of  values  of 
E  and  G,  it  doea  establish  the  necessary  condition  that  whatever 
be  the  values  of  E  and  G,  they  must  have  a  certain  ratio  E/G. 
Establishment  of  the  E/G  ratio  establishes  a  unique  value  for 
s2,  which  for  a  given  mode  in  turn  establishes  a  unique  value 
for  b2  by  virtue  of  Equation  (A-24)  in  the  Appendix,  and  thus, 
from  the  definition  of  b2  in  the  second  of  Equations  (A-8)  in 
the  Appendix,  establishes  a  unique  value  of  E.  Now  there  can  be 
only  one  unique  aet  of  values  of  E  and  G  which  meets  the  require¬ 
ments  of  a  unique  value  of  E  and  a  certain  ratio  E/G. 

d.  Sample  Calculation 

All  of  the  calculations  were  carried  out  using  the  following 
average  properties  and  dimensions: 

Beam  Width:  B  ■  3.00  Inches 
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Facing; 


Effective  modulus  (average  of 
tension  and  compression  values): 

Specific  weight  per  facing: 

Thickness  per  facing: 


Core: 

Shear  Modulus: 
Specific  weight: 
Thickness: 


Aluminum 
G  ■  40,700  psi 

wc  -  0.001345  psi 

c  ■  0.747  inch 


E  -  3.33  x  106  psi 
U>t  -  0.00195  lb/in2 
tf  -  0.0339  inch 

Fiberglass 
6,200  psi 
0.00189  psi 
0.747  inch 


Adhesive: 

Shear  modulus:  Included  in  the 
measurement  of  core  shear  modulus. 

Specific  weight  per  layer:  wa  -  0.000556  psi 

Effective  thickness  per  layer:  ta  -  0.010  inch 

Twice  the  effective  centroidal 

distance  from  centroid  of  composite:  da  ■  0.737  inch 

Using  the  above  values,  the  various  parameters  required  in  the 
analysis  were  first  calculated.  An  aluminum-core  beam  la  used 
to  illustrate  the  procedure. 

M  -  (2wf  +  2va  +  wc)  (B/g)  -  (2  x  0.00195  +  2  x  0.000556  + 

0.001345)  (3/386) 
or 


M 

A 

I 


4.94  x  10"5  lb-eec2/in2 
Be  -  3.00  x  0.747  -  2.24  in2 

Btf  (c  +  tf)  (3  00)  (0.0339) 

2  6 

(0.781)2  -  0.030;  in4 
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B  pf  .3  (*c  wf  wa )  3  wa  .sl 

-12;  \r{"  +[r  mrt+ 1”/  e3*i;d.J 

.  3  fo.00195  f  8.  .3  .  0Q1343 

12  x  386  [o.0339  (0,815)  +  \  0.747 


,001345  0.00195 

) . 747  '  0.0339 


0.000556 

0.010 


)  (0.747)3  -  9.: ??°.5.58  (0.737)3] 

a  0.0 10 


-  5.70  x  10’6  lb-sec2 


K  -  (J/M)  (tT/c)2  -  (5.70  x  10"6/4.94  x  10‘5) 

(IT/0.747)2  -  2.04 

Then  for  Che  aluminum-core  beam  with  a  length  of  22.88  inches,  the 
dliu«ns  ion  less  parameters  b2,  r2,  and  s2  are: 

b2  .  4/T2MLA  f2  .  4(9.87)  (4.94  x  11T5)  (22. 88)4  f2  . 

EI  (3.33  x  106)  (0.0309) 

52.0  (f/100)2  (9) 

r2  -  J/ML2  -  5.70  x  10’*/  [(4.94  x  10’5)  (22. 88)2]  - 

2.20  x  10"* 

s2  -  EI  -  (3.33  x  IQ8)  (0.0309)  „  10.56  x  10-4. 

GAKL2  (40,700)  (2.24)  (2.04)  (22. 88)2 

The  transcendental  equation  to  be  solved  is  Equation  (A-24) 
developed  in  the  Appendix.  It  Is  repeated  here  for  convenience. 


2  (1  -  cosh  IW  cos  ) 


1  *  * 
(3r2  -  s2)J  slnh  b sin  b/3  -  0, 


where 


-  (l//“2)  f-  (r2  +  s2)  +  fr2  -  s2)2  +  (4/b2)]  1/2  1  (11) 

fi  -  (1//T)  £(r2  +  s2)  +  f  r2  -  s2)2  +  (4/b2)]  1/2  J  (12) 

The  procedure  used  to  solve  the  above  system  of  equations  is  as 
follows: 

(1)  Select  a  trial  value  of  f  and  calculate  a  .or responding 
value  of  b2  using  Equation  (9). 
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(2)  Using  this  value  for  b  end  previously  calculated  valuea 
for  r  and  a,  values  are  calculated  for  •<  and  A  by  means 
of  Equations  (11)  and  (12). 

(3)  The  above  values  of  b,  r,  s ,  •<  ,  and  ?  are  used  to  com¬ 
pute  the  value  of  the  left-hand  side  of  Equation  (10). 

(4)  The  above  procedure  Is  repeated  until,  by  iteration, 
the  magnitude  of  the  left-hand  side  of  Equation  (10)  is 
as  close  to  zero  as  possible.  The  nearest  integer  value 
of  frequency  (cps)  to  the  lowest  one  which  makes  the  left- 
hand  side  of  Equation  (10)  equal  to  zero  is  taken  as  the 
answer  (l.e.,  the  calculated  value  of  the  lowest  natural 
frequency) . 

In  the  example,  the  22 . 88- inch-length  aluminum-core  beam,  the 
final  value  of  the  lowest  natural  frequency  f  was  308  cps.  This 
gave  bZ  -  494,  •<  -  0.2106,  and  fl  -  0.2136. 

Having  determined  the  value  of  the  frequency  f,  the  next  step  In 
the  calculations  is  the  calculation  of  the  node  location  xN>  The 
procedure  for  doing  this  is  as  follows: 


(1)  Assume  a  value  of  €  and  use  it  to  compute  the  value  of 
the  left-hand  side  of  Equation  (8),  repeated  here  for 
convenience: 

cosh  b  <£  -  A*.  inh  be£<£  +  (l/$ )  cos  tyS£  - 

where  /sin  -  0  (8) 

A  -  «!fl 

(fi2  -  »2)  /  <*2  +  *2) 

V  ■  (cosh  b«^  -  cos  y)  )  /  (  Asinh  b^  -  ^Tsin  ly5) 

(2)  The  above  procedure  is  repeated  until,  by  iteration,  the 
magnitude  of  the  left-hand  side  of  Equation  (8)  is  as 
close  to  zero  as  possible.  The  nearest  value  of  €  ,  to 
three  significant  figures,  to  the  one  which  makes  the 
left-hand  side  of  Equation  (8)  equal  to  zero  is  taken  aa 
the  dimensionless  value  corresponding  to  the  node 
location. 


(3)  Finally  the  distance  of  the  node  location  from  the  end  of 
the  beam  is  ■  L  . 

In  the  example,  ■  0.225  and  x^  ■  5.15  inches. 
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• .  Results  an<?  Evaluation 


The  results  oa  the  experimental  measurements  and  the  calculations 
of  the  lowest  natural  frequency  and  node  location  for  each  beam 
are  susmarlced  In  Table  4  and  In  Figures  5  and  6.  It  Is  empha¬ 
sised  that  the  calculated  values  are  based  on  static  values  of 
the  appropriate  mechanical  properties  (facing  modulus  of  elas¬ 
ticity  and  core  shear  modulus) . 

As  can  be  seen  In  Table  4,  the  greatest  discrepancy  between  measur¬ 
ed  and  calculated  values  is  only  6.0  per  cent.  This  is  quite  good 
In  view  of  the  scatter  in  facing  thickness  and  in  total  beam  thick¬ 
ness  from  beam  to  beam,  since  the  calculations  were  based  on  mean 
values  of  these  quantities. 

It  is  Interesting  fo  note  that  all  of  the  methods  of  calculation 
of  sandwich-beam  natural  frequencies  utilising  an  energy  approach 
are  based  on  the  assumption  that  the  node  locations  are  the  same 
as  for  a  simple  Bernoulli-Euler  beam,  which  has  no  shear  flexibi¬ 
lity  and  no  rotatory  inertia.  This  location  is  0.22L,  which  does 
not  compare  very  favorably  with  the  locations  determined  experi¬ 
mentally  in  this  project;  these  ranged  from  0.225L  to  0.235L. 

The  experimental1"  determined  location  of  the  node  was  different 
at  each  end  of  e  h  beam;  however,  the  maximum  difference  from 
one  end  to  the  other  end  of  the  same  beam  was  only  2 . 9  per  cent . 
This  is  attributed  to  small  variations  in  the  mass  and  stiffness 
properties  along  the  length  of  the  beam  (see  Tables  2  and  3). 

For  example,  "here  was  a  variation  in  total  beam  thickness  of 
approximately  0.00S  inch  from  one  end  to  the  other  on  the  beam 
which  had  a  2.9  per  cent  variation  in  nodr.-  location. 

In  view  of  the  good  agreement  (within  experimental  accuracy) 
between  the  measured  values  and  those  calculated  on  the  basis 
of  the  static  moduli,  it  was  decided  not  to  go  into  the  iterative 
procedure  described  in  section  A3c  for  calculating  the  dynamic 
moduli.  In  other  words,  it  was  concluded  that  the  dynamic  elastic 
modulus  of  the  fiberglass  facings  and  the  dynamic  shear  moduli  of 
both  the  aluminum  core  and  the  fiberglass  core  were  the  same  as 
their  respective  static  values.  This  is  in  agreement  with  previous 
work  by  Richter  (reference  36)  on  fiberglass  in  the  form  of  tubes. 

4.  Damping 

The  literature  on  the  internal  damping  properties  of  macroscop leal ly 
homogeneous  materials  is  voluminous.  Although  previous  investigations 
of  vibration  damping  in  sandwich  type  construction  apparently  have 
been  limited  to  a  few  independent  Investigations,  in  each  of  these  a 
method  was  developed  to  predict  the  damping  behavior  of  the  composite, 
assuming  knowledge  of  the  damping  properties  of  each  of  the  component 
materials . 
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BEAM  LENGTH  (inches) 


Figure  5.  The  Effect  of  Been  Length  on  Lowest  Natural  Fre¬ 
quency  for  Sandwich  Beams  with  FRP  Facings  and  Honeycomb  Cores 
of  Aluminum  and  KRP  Fiberglass. 
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Figure  6.  The  Effect  of  Bean  Length  on  Location  of 
Node  at  Lowest  Natural  Frequency  for  Sandwich  Beans 
with  FRP  Facings  and  Honeyconb  Cores. 


Before  discussing  these  previous  investigations  and  their  relation 
to  the  present  study,  it  is  well  to  describe  the  various  ways  of 
measuring  or  specifying  vibration  damping.  This  is  done  in  the  next 
section. 

a.  Measures  of  Vibration  Damping 

There  are  four  basic  ways  of  measuring  or  specifying  vibration 
damping  (reference  45): 

(1)  Energy  dissipation  under  steady-state  cyclic  conditions. 

(2)  Resonant  amplification  factor  under  steady-state  cyclic 
conditions . 

(3)  Phase  lag  between  stress  and  strain  under  steady-state 
cyclic  conditions. 

(4)  Decay  of  free  vibrations. 

Energy  dissipation  under  steady-state  conditions  is  usually 
determined  in  terms  of  energy  dissipated  per  cycle.  However, 
since  the  energy  dissipated  per  cycle  depends  upon  the  size, 
shape,  and  stress  distribution  per  cycle,  the  energy  dissipa¬ 
tion  is  usually  specified  in  terms  of  specific  damping  energy, 
which  is  usually  considered  to  be  a  more  basic  material  param¬ 
eter.  Specific  damping  energy  is  defined  as  the  energy  dissi¬ 
pated  by  damping  in  a  unit  volume  of  material  at  a  given  stress 
level.  It  is  usually  specified  in  units  of  lnch-pound/cublc 
inch-cycle. 

The  resonant  amplification  factor  is  defined  as  the  ratj.o  of 
the  response  to  the  excitation,  with  both  the  response  and  the 
exltatlon  specified  in  terms  of  the  same  units.  Unfortunately, 
the  resonant  amplification  factor  is  dependent  upon  the  system 
configuration  as  well  as  upon  the  damping  property  of  the 
material,  so  that  it  is  not  considered  to  be  a  basic  material 
property. 

The  stress-strain  lag  is  usually  specified  in  terms  of  a  phase 
angle  (h K)  in  radians.  Although  this  is  a  dimensionless  factor, 
like  the  two  preceding  measures  of  damping  it  can  be  determined 
directly  only  by  measurements  made  during  steady-state  forced 
vibration.  Measurements  made  under  these  conditions  are  likely 
to  be  inaccurate  due  to  losses  in  the  excitation  equipment. 

The  decay  of  free  vibrations  is  usually  specified  in  terms  of 
the  logarithmic  decrement  $  ,  which  is  defined  as  follows: 

6  Bln  Ut/.j  +  t)  (38) 
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where  a^  is  the  Amplitude  of  a  particular  quAntity  (deflection, 
strein,  or  stress)  in  a  particular  cycle  i  (see  Figure  7)  end 
a£  +  i  is  the  Amplitude  of  the  succeeding  cycle.  Since  the 
logsrlthmlc  decrement  of  nesrly  All  mAterlAls  is  a  very  smell 
quentlty,  it  is  difficult  to  meAsure  a.  and  A£  +  \  with  suf- 
f icier*  accuracy  to  calculate  6  reliably  by  using  Equation  (38). 
Thus,  it  is  customary  to  assume  that  6  does  not  change  signif¬ 
icantly  over  a  few  cycles  n  (see  Figure  7)  and  to  calculate  € 
from  the  following  equation: 
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l 

n 


In 


•l 

ai  +  n 


(39) 


The  procedure  used  for  determining  damping  in  this  project  was 
to  measure  the  decay  of  maximum  strain  level  and  to  apply 
Equation  (39),  using  strain  amplitudes. 


Figure  7.  Decay  of  a  Damped  Free  Vibration  Illustrating  Quan¬ 
tities  Related  to  Definition  and  Practical  Calculation  of  the 
Logarithmic  Decrement. 
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Early  experiments  by  Kimball  and  Lovell  (reference  20)  on  the 
damping  of  a  wide  variety  of  material*  Indicated  that  the  energy 
dissipation  per  cycle  was  proportional  to  the  square  of  the 
vibration-displacement  amplitude  (and  thus,  also  proportional 
to  the  square  of  the  stress  amplitude).  Thus,  damping  of  this 
nature  Is  often  called  material  damping,  hysteretlc  damping,  or 
structural  damping.  However,  In  order  to  avoid  confusion  In 
this  report,  this  type  of  damping  will  be  referred  to  as  Klmball- 
Lcvell  damping.  More  extensive  studies  conducted  by  Lacan 
(reference  25)  have  Indicated  that  the  specific  damping  energy  D 
can  be  more  generally  represented  by  the  following  relation: 

D  -  CjjO Tm  (40) 

where  O'  Is  the  stress  amplitude  and  Cq  and  m  are  temperature 
dependent  material  constants  for  stress  levels  up  to  approxi¬ 
mately  80  per  cent  of  the  endurance-limit  stress  under  completely 
reversed  stresses. 

The  specific  damping  energy  D  Is  related  to  the  logarithmic  decre¬ 
ment  6  by  the  following  approximate  relationship: 

d  -  6<r  2/e  (*» 

where  E  Is  the  dynamic  elastic  modulus.  Thus,  by  comparing 
Equationa  (40)  and  (41),  it  is  seen  that  for  a  material  with 
Kimball -Love 11  damping  (m  ■  2),  the  logarithmic  decrement  Is 
Independent  of  stress  amplitude.  Furthermore,  If  the  exponent  m 
Increases  with  stress  to  values  greater  than  two  (as  It  does  for 
many  metallic  materials  for  stress  amplitudes  approaching  the 
endurance -limit  stress),  £  also  Increases  with  stress. 

A  final  way  of  specifying  damping  properties  Is  In  terms  of  the 
loss  modulus.  This  concept  Is  applicable  only  to  materials  with 
Klmball-Lovell  damping,  i.e.,  m  -  2  In  Equation  (40),  since  for 
such  a  system  the  sum  of  the  damping  force  and  the  spring  force 
(force  due  to  material  stiffness)  can  be  represented  by  a  single 
complex  spring  constant.  In  terms  of  materials  properties  rather 
than  specific  system  performance,  this  Implies  a  single  complex 
modulus  E , 

E  -  E  +  iEd,  (42) 

where  E  Is  the  dynamic  elastic  modulus  (also  known  as  the  storage 
modulus  and  the  stiffness  modulus),  1  -  /T,  and  the  E .  is  the 
damping  modulus  (also  known  as  the  loss  modulus).  The  ratio  E d/ 

E  Is  called  the  loss  factor.  Since  the  loss  factor  Is  also  equal 
to  the  tangent  of  the  phase  angle  lag  between  stress  and  strain, 

It  Is  sometimes  called  the  loss  tangent. 


30 


The  loss  factor  Is  related  to  the  logarithmic  decrement  by  the 
following  approximation: 

Ed/E  W  (43) 

This  relationship  permits  calculation  of  the  damping  modulus  from 
values  of  the  dynamic  elastic  modulus  and  the  logarithmic  decre- 
ment ,  as  follows: 

Ed  -  E  6/1T.  (44) 

b.  Literature  Review;  Vibration  Damping  of  Sandwich  Structure 

Among  the  earliest  analyses  of  vibration  damping  of  ordinary 
(three* layer)  sandwich  structures  were  the  approximate  analyses 
of  Plass  (reference  31)  and  of  Ross  et  al  (reference  37).  These 
analyses  treated  sandwich  plates,  and  the  approach  used  was  to 
determine  the  total  effective  stlffnesa  of  the  composite  plate 
and  then  to  replace  this  stiffness  by  a  complex  stiffness, 

A  more  exact  analysis  of  damping  in  sandwich  plates  was  carried 
out  by  Yu  (reference  49),  using  a  dif ferential-equat ion-of- 
motlon  approach.  His  analysis  Incorporated  loss  factors  asso¬ 
ciated  with  flexural  motion  of  the  facings  and  with  shear  motion 
of  the  core;  so  in  effect  he  assumed  that  these  materials  behaved 
in  damping  as  Kimball -Love 11  materials.  Unfortunately,  Yu's 
theory  is  rather  complicated  to  apply  and  so  far  as  known  has 
never  been  verified  experimentally. 

One  of  the  most  significant  investigations  of  damping  in  sandwich 
construction  is  the  analysis  published  by  Keer  and  Lasan  (ref¬ 
erence  19)  in  1961.  This  consisted  of  both  theoretical  and 
experimental  studies.  The  theoretical  approach  used  was  to  first 
carry  out  a  vibration  analysis  ot  a  learn  with  free  ends  and 
central  point  excitation.  Frtm  this  analysis,  they  determined 
the  bending-stress  distribution  in  the  facings  and  the  shear- 
stress  distribution  throughout  the  core.  Then,  assuming  that 
both  the  core  and  facing  materials  had  Klmb&l 1-Lovell  damping,  the 
total  energy  dissipated  per  cycle  was  determined  by  integration 
over  the  entire  volume  of  the  materials.  The  core  damping  prop¬ 
erties  were  obtained  experimentally  using  the  procedure  previously 
established  by  James  and  Norris  (reference  17).  Keer  and  Lasan 
also  made  some  calculations  and  carried  out  some  experiments  to 
Indicate  the  relative  unimportance  nf  external  damping  due  to 
aerodynamic  friction. 

Keer  and  Lasan  measured  the  total  damping  (neglecting  air  friction) 
for  (a)  four  different  beam  configurations  with  2024-T3  aluminum- 
alloy  facings  and  aluminum  honeycomb  cores,  (b)  one  with  2024-T3 
facings  and  a  balsa  core,  (c)  another  with  2024-T3  facings  and  a 
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paper  honeycomb  core,  end  (d)  another  with  facings  and  core  of 
glass-f iber-reltiforced  plastic.  There  was  very  good  agreement 
between  theory  and  experiment  for  material  combinations  (a), 

(b),  and  (c) ,  above,  at  maximum  stress  levels  up  to  1,000  to 
1,200  psl.  Above  this  stress  range,  the  experimentally  measured 
damping  values  began  to  Increase  at  a  gradually  increasing  slope, 
as  would  be  expected  in  view  of  the  similar  behavior  of  homoge¬ 
neous  2024  aluminum  alloy.  Theoretical  damping  values  were  not 
determined  for  the  glass-fiber-reinforced  plastic  beam  (d)  due 
to  a  lack  of  sufficient  data  for  the  component  materials. 

However,  it  is  curious  to  note  that  unlike  the  other  material 
combinations,  this  material  combination  had  a  constant  exponent 
m  of  approximately  2.25  over  the  entire  stress  range  covered. 

It  is  somewhat  strprising  that  such  good  agreement  was  obtained  by 
Keer  and  Lazan  etween  their  theoretical  and  experimental  results 
in  view  of  the  many  gross  approximations  which  had  to  be  made 
in  their  vibration  analysis.  The  largest  approximation  is  the 
complete  neglect  of  both  transverse  shear  flexibility  and  rota¬ 
tory  inertia.  Thus,  the  mode  shape  they  used  is  actually  that 
of  a  simple  Bernoulll-Euler  beam. 

The  next  investigation  of  sandwich-beam  vibration  damping,  which 
was  apparently  carried  out  independently  of  the  work  of  Keer 
and  Lazan,  was  that  of  James  (reference  16).  His  theoretical 
approach  was  basically  similar  to  that  used  by  Keer  and  Lazan, 
except  that  James'  vibration  analysis  was  considerably  more 
refined  than  that  of  Keer  and  Lazan  insofar  as  frequency  is 
concerned,  since  James  considered  both  transverse  shear  flexi¬ 
bility  and  rotatory  inertia,  as  described  previously.  However, 
since  James  used  an  energy  method  based  cn  the  same  mode  shape 
as  the  simple  Bernoulll-Euler  theory.  Insofar  as  computation  of 
total  damping  is  concerned,  his  analysis  dess  not  appear  to  rep¬ 
resent  much  of  an  Improvement  over  Keer  and  Lazan' s. 

The  vibration-damping  experiments  conducted  by  James  are  quite 
different  from  those  of  Keer  and  Lazan.  By  means  of  a  loud¬ 
speaker,  he  excited  the  specimen  at  its  lowest  natural  frequency. 
The  specimen  was  suspended  at  its  nodes  by  means  of  small  wires 
hooked  into  the  core  at  the  neutral  axis.  The  response  was 
measured  near  one  end  of  the  beam  by  means  of  a  microphone,  and 
the  logarithmic  decrement  was  calculated  by  using  Equation  (39), 
above.  Apparently  the  effect  of  stress  on  logarithmic  decre¬ 
ment  S  was  not  investigated,  since  only  one  value  of  $  waa 
reported  for  each  specimen.  All  of  the  material  combinations 
tested  had  1/2-lnch-thlck,  3003-H19  soft-aluminum  honeycomb 
cores  with  3/8-inch  cells  and  with  the  ribbon  direction  either 
parallel  or  perpendicular  to  the  beam  axis.  Facings  included 
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two  different  thl-  ^nesses  of  both  aoft  aluminum  and  2024-T3 
aluminum  alloy.  For  aome  of  theae  material  combinations ,  two 
different  adhesive -layer  thicknesses  were  tested.  The  per  cent 
differences  between  the  calculated  and  measured  /alues  of  loga¬ 
rithmic  decrement  ranged  from  -77  per  cent  to  -1-134  per  cent. 

This  large  discrepancy  cannot  be  explained  on  the  basis  of  the 
frequency  analysis,  since  the  per  cent  difference  for  the 
frequencies  ranged  from  -0.8  per  cent  to  +18.4  per  cent.  It 
is  interesting  to  note  that  in  all  six  specimens  in  which  core 
ribbon  direction  was  in  the  axial  direction,  the  theoretical 
value  of  $  was  lower  than  the  experimental  one,  while  In  five 
of  the  six  specimens  with  the  core  ribbon  direction  oriented 
transversely  the  converse  was  true. 

Apparently  the  first  vibration-damping  measurements  on  a  full- 
scale  aircraft  primary  structural  component  of  sandwich-type 
construction  were  those  made  recently  by  Hackman  et  al  (refer¬ 
ence  14).  They  tested  two  horlxontal  stabilizers  of  conventional 
aluminum-alloy  construction  and  two  of  sandwich  construction.  The 
sandwich  construction  consisted  of  both  facings  and  core("Ray- 
pan"  triangular  fluted  type)  of  glass-fiber-reinforced  plastic 
(GFRP) . 

In  the  first  bending  mode,  which  occurred  in  the  frequency 
range  of  18-22  cps  In  all  cases,  the  GFRP  scablllzers  exhibited 
lower  logarithmic  decrements  than  the  aluminum-alloy  stabilizers. 
This  was  also  true  for  the  average  values  of  logarithmic  decre¬ 
ment  for  the  second  bending  mode  which  occurred  at  70-77  cps  in 
the  aluminum  stabilizers  and  approximately  57  cps  in  the  GFRP 
stabilizers.  It  should  also  be  noted  that  there  was  considerably 
greater  difference  between  the  logarithmic -decrement  values  for 
the  two  aluminum  stabilizers  than  between  the  values  for  the  two 
GFRP  stabilizers.  This  can  be  attributed  to  differences  In  rivet 
fit,  which  In  turn  affects  the  amount  of  slip  damping. 

At  first,  the  fact  that  the  values  were  lower  for  GFRP  seems 
surprising,  since  it  Is  generally  true  that  nonmetalllc  materials 
exhibit  more  Internal  damping  than  metals.  However,  it  is 
believed  that  the  difference  here  is  again  due  to  the  effect  of 
slip  damping  In  the  riveted  aluminum  structure.  If  the  aluminum 
stabilizer  had  been  of  sandwich-type  construction  (and  thus,  not 
riveted),  the  damping  In  the  aluminum  structure  would  have  been 
considerably  lower.  Another  point  Is  that  the  frequency  ranges 
involved  in  these  tests  were  lower  than  those  usually  encountered 
In  vibration-damping  tests  for  material  evaluation  purposes.  It 
may  very  well  be  that  the  effect  of  frequency  on  the  $  values  of 
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aluminum  and  GFRP  la  such  that  at  low  frequencies  Lhe  two  6 
versus  frequency  curves  cross.  However,  this  cannot  be  ascer¬ 
tained  quantitatively  from  the  results  reported  by  Hackman  et  al, 
since  they  did  not  run  any  damping  tests  on  simple  coupons  and 
since  they  varied  frequency  and  mode  together  (l.e.,  they  did 
not  have  a  series  of  specimens  In  which  they  could  run  tests  In 
the  same  mode  yet  at  various  frequencies) . 

c.  Sample  Calculation 

Equation  (39)  on  page  29  was  followed  In  calculating  the  values  of 
logarithmic  decrement.  The  sample  calculation  presented  In  the 
subsequent  paragraphs  will  Illustrate  the  procedure  employed, 
starting  with  the  reading  of  the  photographs. 

The  photographs  obtained  In  the  damping  tests  resemble  the  one 
shown  In  the  accompanying  figure  for  the  fiberglass  specimen 
excited  at  603  cps  (Figure  8).  After  the  wave  heights  were 
measured  as  explained  In  the  experimental  procedure,  the  cali¬ 
bration  constants  were  calculated.  This  was  done  by  dividing 
the  value  of  the  simulated  strain  (93  M  In. /in.)  by  the  differ¬ 
ence  between  the  heights  of  the  modified  carrier  (under  93>u 
in. /in.  strain  simulated  by  a  resistor  shunting  an  active  Strain 
gage)  and  the  pure  carrier.  For  the  test  conditions  of  the 
photo  In  Figure  8,  the  calculation  becomes: 

93  20  gR 

24.876  -  20.421 

Next,  a  plot  was  made  of  facing  strain  versus  wave  number  for 
each  photograph.  A  smooth  curve  was  drawn  through  the  points, 
and  the  strain  levels  were  chosen  on  which  to  center  the  log 
decrement  calculations.  The  curve  for  the  previous  photograph 
Is  presented  in  Figure  9. 

For  convenience,  n  was  taken  equal  to  10  in  Equation  (39),  and 
thus  the  ratios  a^/a^  +  n  were  obtained  from  the  peak  strains 
for  the  5th  wave  on  either  side  of  the  reference  strain.  Using 
the  300 /jl  in. /in.  strain  level  (1,000  psi)  for  the  sample 


^  The  calibration  resistor  could  either  reduce  or  enlarge  the 
height  of  the  carrier.  It  is  Lhe  absolute  value  of  Lhe 
difference  that  is  sought. 
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Figure  8.  Typical  Poleriod  Photo  for  Doling  Figure  9.  Typical  Plot  of  the  Decay  of 

Measurements.  The  decaying  strain  signal  was  Maximum  Facing  Strain.  These  data  were 

produced  by  a  fiberglass-core  specimen  after  obtained  from  the  photo  of  Figure  8. 

exitatlon  at  its  natural  frequency  of  603  cps. 


calculation,  the  two  values  of  356  and  247  M  in./ln.  were  read 
from  the  curve  In  Figure  9  and  he  log  decrement  was  calculated 
as  follows: 

8-  (0.10)  In  (356/247)  -  (0.10)  In  1.441 
S  -  0.0348. 

d.  Results  and  Evaluation 


The  measured  values  of  logarithmic  decrement  are  presented  in 
Table  2  for  the  aluminum-honeycomb-core  sandwich  and  in  Table  3 
for  the  f lberglass-honeycomb-core  sandwich,  on  pages  12  and  13, 
respectively.  A  comparison  of  values  between  these  two  tables 
for  corresponding  conditions  (nominal  frequency  and  stress  level) 
indicates  the  following:  In  fourteen  cases  the  fiberglass-core 
sandwich  has  an  appreciably  larger  log  decrement,  in  two  cases 
the  iog  decrements  are  approximately  the  same,  and  in  two  cases 
the  aluminum-core  sandwich  has  the  larger  decrement.  From  this 
comparison,  it  is  apparent  that,  in  general,  fiberglass-core 
sandwich  material  exhibits  greater  damping  than  aluminum-core 
sandwich  material. 

The  effect  of  frequency  on  the  logarithmic  decrement  is  shown  in 
Figure  10.  At  first  glance,  the  peak  at  approximately  500  cps 
in  each  case  may  seem  unusual.  However,  in  similar  tests  on  all- 
aluminum  honeycomb  beams,  James  (reference  16)  obtained  values 
of  log  decrement  which  decreased  with  increasing  frequency 
from  his  lowest  frequency  (459  cps)  on  up.  Whether  they  would 
have  peaked  at  400-500  cps  is  unknown,  since  he  did  not  make  any 
measurements  brlow  459  cps.  Also,  an  increasing  log  decrement 
versus  frequency  curve  was  derived  by  Richter  (reference  36) 
in  the  very  low  frequency  range  of  0.012  to  1.67  cps  for  flexural 
vibration  tests  of  fiberglass  tubes.  In  view  of  these  limited 
examples,  it  at  least  seems  plausible  that  a  peak  exists  in  the 
log  decrement  versus  frequency  curve. 

The  effect  of  amplitude  of  stress  at  the  center  of  the  beam, 
which  should  be  the  approximate  location  of  the  maximum  stress, 
is  shown  in  Figure  11.  Although  there  is  some  scatter,  there 
seems  to  be  little  effect  of  stress  amplitude  on  log  decrement 
for  a  given  frequency.  This  is  consistent  with  core  damping 
data  at  low  amplitudes  reported  by  James  (reference  16).  As 
pointed  out  in  section  A4a,  a  log  decrement  independent  of  stress 
amplitude  corresponds  to  a  damping  energy  proportional  to  the 
square  of  the  stress  amplitude.  Thus,  the  slope  of  2.2  for  the 
log-log  plot  of  damping  energy  versus  stress  amplitude  reported 
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ment  and  Frequency  of  Vibration  for  FRP  Facing 
Sandwich  Employing  Honeycomb  Cores.  The  data 
points  are  average  values  from  Tables  2  and  3. 


0  200  400  600  600  1000  1200  1400 


MAXIMUM  FACING  STRESS  ( p«< ) 
ALUMINUM  CORE 


MAXIMUM  FACING  STRESS  (  pti ) 


HRP  FIBERGLASS  CORE 


Figure  11.  The  Variation  of  Logarithmic  Decrement 
with  Maximum  Facing  Streis  at  Various  Frequencies 
for  FRP  Facing  Sandwich  Employing  Honeycomb  Cores. 
The  data  are  from  Tables  2  end  3. 
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Ke^r  and  L^an  (i^fcrrnce  19)  for  a  beam  with  fiberglass- 
epoxy  facings  and  fiberglass  honeycomb  core  indicates  that  they 
had  a  log  decrement  which  Increased  with  stress  amplitude. 
Unfortunately  it  is  not  possible  to  convert  a  damping  energy 
versus  stress  amplitude  plot  into  a  curve  of  log  decrement  ver¬ 
sus  stress  amplitude,  so  that  a  quantitive  comparison  cannot  be 
made  between  Keer  and  Lazan's  results  and  those  reported  here. 

Although  log  decrement  values  cannot  be  computed  for  Keer  and 
Lazan's  composites,  they  can  be  computed  for  their  core  shear 
damping  data.  Table  S  summarizes  logarithmic  decrements  for  the 
shear-damping  tests  of  Keer  and  Lazan  and  of  James  for  various 
honeycomb-core  materials.  It  is  noted  that  there  are  few  general 
trends.  For  example,  Keer  and  Lazan  had  slightly  higher  damping 
for  tests  in  the  ribbon  direction,  while  James  obtained  consider¬ 
ably  higher  damping  for  tests  perpendicular  to  the  ribbon  direc¬ 
tion.  Nevertheless,  all  of  the  values  reported  in  the  table  fall 
between  0.0080  and  0.0282,  a  surprisingly  narrow  spread.  It  is 
expected  that  the  composite  would  exhibit  considerably  higher 
damping  than  the  component  materials,  as  exemplified  by  the  work 
of  James  (reference  16).  This  tends  to  substantiate  the  test 
results  obtained  in  the  present  project.  Further  substantiation 
is  shown  by  the  close  correspondence  between  the  log  decrement 
values  reported  here  (0.0271  to  0.0486)  and  those  reported  by 
Hackman  et  al  (reference  14)  for  a  horizontal  stabilizer  of  all¬ 
fiberglass  honeycomb -core  sandwich  construction  (0.033  to  0.048). 


TABLE  5 

SHEAR  DAMPING  IN  HONEYCOMB -CORE  MATERIALS 


Honeycomb 

Core 

Material 

Ribbon 

Thickness 

(In.) 

Core 

Thickness 

(In.) 

Cell 

and 

(l 

Shape 

Site 

"•) 

Load 

Orien¬ 

tation^ 

Logarithmic 

Decrement 

Data 

Source 
(Ref.  No.) 

Aluminum 

0.002 

0.300 

Hex. 

.  0.25 

•  R 

0.0094 

19 

Aluminum 

0.002 

0.500 

Hex. 

.  0.25 

♦R 

0.0080 

19 

Fiberglass 

- 

0.283 

Hex. 

• 

- 

0.0098 

19 

Aluminum 

0.001 

• 

Hex. 

.  0.125 

♦  R 

0.0141 

16 

Aluminum 

0.002 

- 

Hex. 

.  0.375 

-R 

0.0094 

16 

Aluminum 

0.00 

* 

Hex. 

.  0.375 

♦R 

0.0282 

16 

Aluminum 

0.003 

- 

Hex. 

,  0.375 

-R 

0.0108 

16 

Aluminum 

0.003 

. 

Hex. 

,  0.375 

♦R 

0.0160 

16 

The  symbol*  +R  and  -R  Indicate  perpendicular  and  parallel  to  the  ribbon  direction, 
respectively. 
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5.  Conclusion*  and  Recommendations 


The  major  conclusions  drawn  from  the  research  on  dynamic  moduli  and 
damping  are  as  follows: 

(1)  Using  the  Improved  analysis  presented  in  this  report,  It  is 
possible  to  determine  both  the  facing  dynamic  modulus  of 
elasticity  and  the  core  dynamic  shear  modulus  from  measure¬ 
ments  of  lowest  natural  frequency  and  location  of  the  nodes 
on  a  aingle  beam. 

(2)  Using  this  approach  in  conjunction  with  experiments  in  which 
the  lowest  natural  frequency  and  associated  node  location 
were  measured,  it  was  found  that  the  dynamic  moduli  were 
Identical  tc  the  respective  static  moduli,  within  experimen¬ 
tal  error  and  over  the  range  of  frequencies  of  300  to  700 
cps  and  stress  levels  of  270  to  1,270  psl. 

(3)  Measurements  of  the  logarithmic  decrement  for  decay  of  free 
vibrations  gave  values  ranging  from  0.023  to  0.042  for  the 
fiberglass -epoxy  facing  sandwich  with  aluminum  honeycomb  core, 
and  from  0.027  to  0.049  for  this  type  of  sandwich  with  fiber¬ 
glass  honeycomb  core.  In  general,  for  the  same  conditions  of 
frequency  and  facing  stress,  the  fiberglass -honeycomb -core 
sandwich  gave  the  largest  damping  values. 

In  the  course  of  carrying  out  the  research  program  reported  herein, 
the  following  logical  extensions  of  the  work  on  dynamic  moduli  and 
damping  have  naturally  occurred  to  the  present  investigators: 

(1)  The  experiments  should  be  extended  to  higher  vibration  modes. 
For  the  sake  of  expediency,  the  present  program  was  limited 
to  the  first  mode;  however,  there  is  no  reason  why  it  could 
not  be  extended  to  higher  modes.  This  would  provide  additional 
chec' s  of  the  analytical  methods  presented  here.  Also,  it 
would  permit  separation  of  the  effects  of  mode  number  and 
frequency  per  se.  This  could  easily  be  accomplished  by  design¬ 
ing  one  series  of  specimens  so  that  several  selected  frequen¬ 
cies  would  correspond  to  at  least  three  different  modes  on 
different  specimens  and  another  series  to  cover  the  range  of 
frequencies  for  a  number  of  selected  modes.  Cross  plotting 
would  permit  separation  of  effects  of  mode  and  frequency  from 
frequency  per  ae.  It  would  be  expected  that  mode  number  would 
have  a  major  influence  on  damping  since  damping  is  a  direct 
function  of  the  stress  distribution  which  in  turn  depends  upon 
the  modal  shape  and,  thus,  the  mode  number.  This  would  be 
quite  important  in  connection  with  designing  fiberglass  sand¬ 
wich  structures  to  withstand  wideband- frequency  excitations. 
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(2)  Experiments  should  be  conducted  on  besm  specimens  with  lower 
values  of  lowest  natural  frequency.  This  could  be  accomplish¬ 
ed  either  by  going  to  free-free  beams  with  a  rigid  mass  attach¬ 
ed  at  each  end  and  the  same  maximum  beam  length  limitation  as 
encountered  here  or  by  using  free-free  beams  without  attached 
masses  but  of  much  greater  length.  The  first  alternative 
should  permit  attainment  of  a  lowest  natural  frequency  near 

90  cps.  However,  this  is  still  high  compared  to  frequencies 
of  interest  in  many  airframe  applications.  Thus,  a  combina¬ 
tion  of  the  two  approaches  would  probably  be  required. 

(3)  A  theoretical  analysis  should  be  made  of  the  damping  In  a 
sandwich  beam  using  specific  damping  data  for  the  component 
materials  and  stress  distributions  based  on  the  refined  modal 
shapes  obtained  by  the  vibration  analysis  presented  In  this 
report.  This  would  be  one  of  the  bases  for  the  optimisation 
described  below. 

(4)  Having  established  a  firm  basis  for  the  analytical  assumptions 
and  having  determined  the  material  properties  from  the  sand¬ 
wich  beam  work,  analyses  should  be  made  for  vibration  of  sand¬ 
wich  panels  and  sandwich  sheila.  (Limited  analysis,  mostly  of 
an  approximate  nature,  has  already  been  carried  out  for  vibra¬ 
tion  of  rectangular  sandwich  panels  and  cylindrical  shells.) 

(5)  In  conjunction  with  the  results  of  the  present  research  in 
regard  to  dynamic  moduli,  damping,  and  fatigue,  as  well  as  the 
results  of  Items  1  through  4  in  this  listing,  optimum  material 
combinations  and  sandwich  configurations  should  be  determined 
for  various  basic  structural  elements  subjected  to  various 
types  of  support  and  dynamic  excitation. 
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DISCUSSION 


PART  B  -  FATIGUE  TESTS 


1.  Introduction 


In  the  fatigue  test  phase  of  the  Investigation  there  were  two  objec¬ 
tives:  (1)  to  establish  S-N  curves  for  use  in  designing  primary  air¬ 
craft  structural  components  and  (2)  to  provide  a  comparison  of  two 
types  of  fiberglass-reinforced  sandwich  structure,  that  using  the 
aluminum  honeycomb  core  and  that  using  the  HRP  fiberglass  core. 

Since  there  are  many  combinations  of  fiberglass  fabric  weaves,  thick¬ 
ness  of  laminates  for  facings,  core  thicknesses  and  cell  sires  which 
may  be  combined  with  a  multitude  of  combinations  of  flexure,  tension, 
compression  and  shear  loads,  it  was  impossible  to  investigate  every 
phase  of  fatigue.  To  completely  investigate  fatigue  at  this  point 
for  sandwich  construction  would  be  unwarranted  because  of  the  many 
other  factors  being  investigated,  here  and  elsewhere,  which  will 
affect  the  fatigue  characteristics  of  sandwich  construction.  Thus, 
this  program  was  aimed  at  finding  preliminary  information  which 
would  affect  the  choice  of  materials  to  help  optimize  other  strength 
and  fabrication  characteristics  in  the  total  program. 

It  was,  therefore,  decided  to  investigate  pure  flexure  loading  only. 
The  only  tests  somewhat  similar  to  these  reported  here  were  per¬ 
formed  by  Keer  and  Lazan  (reference  19) ,  who  reported  four  specimens 
of  a  comparable  type.  The  results  showed  that  the  fiberglass  facing- 
fiberglass  core  combination  sandwich  construction  was  inferior  to 
aluminum  facing-aluminum  core  and  aluminum  facing-balsa  core  combin¬ 
ations.  In  addition,  Keer  and  Lazan' s  specimens  were  vibrated  at 
resonance,  and  the  specimens  were  double  cantilevers  driven  from  a 
center  point  on  an  electromagnetic  shaker.  This  produced  a  combin¬ 
ation  of  flexure  and  shear. 

The  reader  la  cautioned  not  to  draw  sweeping  conclusions  from  fatigue 
data  now  available  in  the  literature  because  fatigue  information  is 
Incomplete  and  rather  specialized.  For  example,  there  are  numerous 
tests  on  special  applications  which  indicate  the  superiority  of  fiber¬ 
glass  laminates  in  actual  structures.  Typical  of  these  is  the  inves¬ 
tigation  of  rotor  blades  for  helicopter  use  reported  by  Kaman  Aircraft 
Corporation  (reference  18).  They  report  that  for  a  composite  sand¬ 
wich  construction  rotor  blade,  a  fatigue  strength  of  three  times  the 
comparable  production  model  using  wood  was  obtained.  This  added 
fatigue  strength  was  achieved  with  considerable  reduction  in  total 
weight  of  the  part.  In  addition,  a  multi-ply  fiberglass  laminate 
bon<  ed  sheath  over  a  wood  rotor  blade  substantially  improved  its 
fatigue  strength  characteristics. 
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On  the  other  hand,  most  fatigue  research  indicates  that  the  fatigue 
strengths  of  fiberglass  structure  expressed  as  a  per  cent  of  the 
ultimate  static  strength  are  substantially  less  than  metals.  Typical 
of  this  is  the  report  by  Bert  and  Hyler  (reference  3),  which  shows 
that  a  glads-f iliment-wound ,  epoxy-resin  composite  had  a  fatigue 
strength  at  100,000  cycles  of  approximately  31  per  cent  of  the  ulti¬ 
mate  tensile  strength  as  compared  to  a  value  of  76  per  cent  for 
titanium  alloy  at  the  same  number  of  cycles. 

The  point  is  that  fatigue  strengthr,  especially  those  expressed  by 
ratios  or  percentages,  are  not  the  only  criterion  on  which  a  material 
should  be  judged.  Careful  consideration  by  the  designer  of  fatigue 
atrength-to-ultlmate  static  strength  ratios,  strength-to-weight 
ratios,  and  the  economics  of  fabrication  will  decide  this  issue  when 
complete  data  are  available.  The  reduced  notch  sensitivity,  high 
strcnRth-to-welght  ratio,  directional  strength  versatility,  and 
lower  tooling  costs  give  fiberglass  an  advantage  in  this  comparison 
in  the  overall  picture.  The  present  project  is  thus  aimed  only 
at  filling  in  one  facet  of  the  total  required  information  which 
will  aid  the  designer  in  making  his  decision. 

2.  Description  of  Experiment 
a.  Test  Specimens 

The  test  specimens  were  cut  from  the  panels  described  in  Part  A 
for  the  dynamic  moduli  and  damping  investigation  (section  A2a, 

P*ge  2). 

In  the  initial  fatigue  tests,  the  specimens  were  cut  3  Inches 
wide  and  approximately  15  Inches  long  using  an  abrasive -blade 
table  saw  and  then  ground  to  final  smoothness.  This  gave  e 
specimen  having  18  cells  of  core  material  across  its  width. 

The  specimen  was  clamped  symnetrlcally  in  the  fatigue  apparatus 
(described  later)  with  4  Inches  of  the  specimen  in  the  clamps 
at  each  end,  leaving  a  7-inch  flexure  cone  in  the  center  portion 
of  the  specimen.  In  these  early  tests  it  was  learned  that  the 
specimens  failed  near  the  clamps  because  of  stress  concentrations 
at  the  edge  of  the  clamp.  In  addition,  there  was  crushing  and 
abrasion  in  the  clamp  area.  On  the  basis  of  this  preliminary 
testing,  the  final  specimen  was  developed.  None  of  the  prelimi¬ 
nary  tests  were  judged  valid  and  are  excluded  from  the  report. 

The  specimen  finally  selected  for  testing  is  shown  in  Figure  12. 

It  retained  the  overall  length  of  15  Inches,  but  the  center  of 
the  specimen  had  a  narrow  section  2  Inches  wide  with  12  core  cells 
across  the  width.  This  narrow  throat  forced  the  failure  to  occur 
in  the  center  section.  In  order  to  prevent  crushing  in  the  clamps, 
the  core  was  cut  out  of  the  ends  of  the  specimens  for  a  distance 
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Figure  12.  Fatigue  Specimens.  A,  Kiln-Dried  Oak  Blocks  To 
Prevent  Core  Crushing;  B,  Silver  Plate  Contact  for  Deflection 
Measurement;  C,  Honeycomb  Core  Material. 
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of  4  Inches  end  kiln-dried  oek  block#  were  glued  between  the 
feeing  laminates  with  en  epoxy  resin  (EPON  A-6).  All  edges  of 
the  feeing  were  ground  or  hand  lepped  to  proper  dimensions  to 
ellninete  scretchcs  end  other  inperfectlons  which  might  effect 
the  fetlgue  results.  Two  holes  were  drilled  in  the  ends  of  the 
specimen  for  elignaent  in  the  fetiguc  aechlne. 

All  the  specimens  hed  e  smooth  glessy  finish  with  very  few  la* 
perfections  visible  to  the  eye.  Microscopic  examination,  how¬ 
ever,  shows  scettered  smell  sir  inclusions  e  few  thousandths  of 
en  inch  in  diameter.  On  occasion  these  were  at  the  surface  of 
the  facing,  resulting  in  small  pick  holes.  These  samll  imper¬ 
fections  were  not  uniformly  distributed  in  ell  specimens  end  prob¬ 
ably  provided  stress  concentrations  which  hed  en  undetermined 
effect  on  the  fetlgue  life  of  each  specimen.  This  matter  is 
discussed  later. 

b.  Fatigue  Testing  Equipment 

Fatigue  Electromagnetic  Equipmet  t.  The  fetlgue  equipment,  was 
designed  around  a  Model  C-10E  vibration  exciter  manufactured  by 
MB  Manufacturing  Company,  Division  of  Textron,  Inc.  The  exciter 
was  fitted  with  a  special  flexure  device,  bolted  to  its  top,  which 
held  the  specimen.  The  general  set-up  is  shown  in  Figure  13. 

The  Model  C-10E  exciter  (A  in  the  figure)  provides  a  reciprocating 
movement  by  means  of  an  Induced  electromagnetic  force.  The  basic 
internal  structure  consists  of  a  stationary  field  coll  and  a 
driver  coil  attached  to  the  moving  table.  The  table  is  mounted 
in  a  series  of  restraining  rockers  and  rubber  mounts  such  that  a 
linear  vertical  motion  is  provided.  The  exciter  has  a  capacity 
of  1200  pounds  force  for  continuous-duty  sinusoidal  input  with 
a  maximum  amplitude  of  1  inch  or  a  maximum  velocity  of  70  Inches 
per  second.  The  frequency  range  is  5  to  3,000  cps. 

The  C-10E  exciter  is  controlled  by  a  Model  T151  electronic  ampli¬ 
fier  (B  in  Figure  13).  This  consists  of  a  Model  T104A  automatic 
vibration  exciter  control,  a  power  amplifier,  and  a  DC  field  supply. 
The  R104A  unit  consists  of  an  oscillator,  a  frequency  sweep  unit, 
a  vibration  meter,  an  automatic  level  control ,  and  an  automatic 
displacement-acceleration  transfer  unit.  Although  there  are  many 
automatic  features  to  this  equipment,  manual  control  anu  adjust¬ 
ment  were  used  for  these  experiments. 

The  frequency  of  operation  was  monitored  through  a  Hewlett- 
Packard  Company  Model  521G  frequency  counter,  accurate  to  the 
nearest  cycle  per  second.  The  counter  was  plugged  directly  into 
the  T1S1  console  unit. 
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Figure  13.  General  View  of  Fatigue  Testing  Apparatus.  A, 
C-10E  Electromagnetic  Exciter;  B,  T151  Control  Console;  C, 
Fatigue  Device  Bolted  to  the  C-10E  Exciter. 
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Thi  fatigue  dep  ict  was  spaclally  daslgntd  and  built  from  alumi¬ 
num  to  aount  on  top  of  the  C-10E  axcltar.  It  la  shown  In  Figure 
14  with  a  spaclaan  claapad  In  place.  Basically,  this  provides  a 
a lapis  baaa  with  tha  link-type  vertical  end-supports  (A  In  Figure 
14)  bolted  to  a  large  steel  ring  which  In  turn  Is  bolted  to  the 
exciter  fraaa.  The  load  la  applied  through  two  sets  of  center 
links  (B  In  Figure  14)  bolted  to  the  aovlng  table  of  the  exciter. 
Each  link  end  was  fitted  with  heavy-duty  roller  bearings.  Because 
the  four  aet  of  links  supporting  the  speclaen  claaps  provide  a 
statically  unatable  force  ayatea,  one  set  of  rigid  links  (no  lower 
bearings)  coupled  to  a  atablllser  bar  (C  In  Figure  14)  was  neces¬ 
sary  to  ellalnate  side  sway  during  operation. 

The  spaclaan  was  claapad  In  tha  aauntlngs  (D  In  Figure  14)  sup¬ 
ported  by  the  vertical  links.  Vertical  pins  In  these  aounta 
assured  proper  allgnaent  by  fitting  Into  accurately  drilled 
holes  In  the  apeclaan.  One  pin  was  extracted  after  speclaen 
Installation  in  order  to  ellalnate  any  axial  forces  on  the  specl¬ 
aen.  Clasping  In  the  aounta  was  accoapllshed  by  a  top  plate  se¬ 
cured  with  four  cap  screws.  Each  of  the  top  plates  was  also 
fitted  with  four  shear  pins  to  Insure  thet  the  claapa  functioned 
as  rigid  bodies.  The  claaps  (aounta  and  top  plates)  were  lined 
with  1/32-lnch-thlck  replaceable  rubber  sheets  to  prevent  abrasion 
of  the  claaped  portion  of  the  specimen*.  All  cap  screws  were 
torqued  to  100  Inch-pounds  at  the  beginning  of  each  teat  to 
provide  unlfora  aountlng  conditions  for  the  speclaens.  As 
stated  previously,  the  speclaens  (H  In  Figure  14)  were  15  Inches 
long  with  4  Inches  claaped  at  each  end,  leaving  a  7-lnch  test 
cone  loaded  under  a  constant-type  bending  aoaent  dlagraa  (no 
shear) . 

An  Endevco  Model  M2110  piezoelectric  dynaalc  force  gage  with 
the  accuracy  of  ±1  per  cent  (E  In  Figure  14)  was  suxinted  In 
the  rigid  set  of  loading  links  to  saasure  one  of  the  reactions. 

The  signal  from  the  force  gage  was  fed  Into  a  cathode  follower 
amplifier  for  lapedance  matching  and  thence  to  a  Tektronix  oscil¬ 
loscope  (D  In  Figure  13)  for  read-out.  This  system  was  used  to 
maintain  a  constant  maximum  force  at  the  specimen  loading  points 
throughout  a  test  by  manual  adjustment  of  the  exciter  control. 

Dynamic  deflections  were  measured  by  a  micrometer  gage  (F  in 
Figure  14)  mounted  on  a  stanchion  which  straddled  the  specimen 
at  Its  centerline.  A  small  copper  spring  with  a  silver  tip  was 
fitted  to  the  end  of  the  micrometer.  While  the  specimen  was 
vibrating,  the  spring  tip  was  lowered  to  make  contact  with  a  small 
silver  plate  (3/16  inch  by  3/16  Inch  in  sice,  see  B  In  Figure  12) 
held  on  the  specimen  with  an  adhesive  at  the  point  where  deflection 
measurements  were  required. 
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Contact  between  the  spring  tip  and  the  silver  plat*  on  each  cycle 
of  vibration  completed  a  simple  eeriee  circuit,  the  eignal  of 
which  was  displayed  on  an  oscilloscope.  This  provided  a  simple 
visual  mechanism  to  measure  the  dynamic  maximum  deflections  with 
an  accuracy  of  0.001  Inch. 

Dynamic  Strain  Equipment.  The  dynamic  strain-gage  circuit  for 
the  fatigue  tests  was  Integrated  with  that  used  for  the  damping 
measurements  described  In  section  A2b.  By  a  set  of  switches  the 
strain  measurements  could  be  made  on  either  the  damping  specimens 
or  the  fatigue  specimens.  As  previously  stated,  the  system  in¬ 
cluded  an  AC  bridge  circuit,  an  AC  amplifier,  and  an  oscilloscope. 

A  carrier  frequency  of  1,000  cps  was  determined  to  be  the  opti¬ 
mum  for  the  fatigue  circuitry.  The  signal  on  the  oscilloscope 
thus  consisted  of  the  amplified  carrier  signal  on  which  was 
superimposed  the  dynamic  strain  signal  from  the  specimen.  As 
for  the  damping  program,  calibration  of  the  oscilloscope  trace 
was  accomplished  by  shunting  a  strain  gage  with  a  resistor  sim¬ 
ulating  strain. 

During  a  test  It  was  necessary  to  read  the  scope  visually  while 
adjusting  the  amplitude  of  the  C-10E  exciter,  and  this  In  Itself 
led  to  significant  errors  because  of  the  small  variations  pos¬ 
sible  on  the  displayed  carrier  wave.  At  the  higher  specimen 
facing  stresses  of  20,000  to  25,000  psl,  reading  accuracy  could 
only  be  ±10  per  cent.  At  the  lower  stresses,  because  of  smaller 
changes  In  the  carrier  signal,  the  error  was  Increased  to  ±20 
per  cent. 

There  were  also  considerable  problems  with  the  strain  gages. 

Often  the  life  of  the  strain  gage  under  these  severe  loading 
conditions  was  so  short  (a  few  thousand  cycles)  that  there  was 
Insufficient  time  to  relate  the  strain  measurements  to  the  force- 
gage  signal.  A  variety  of  adhesives,  types  of  strain  gages,  and 
techniques  of  application  were  tried,  but  either  the  gages  had  a 
short  life  or  the  adhesive  allowed  the  gage  to  yield  relative  to 
the  facing  material.  This  method  was  abandoned  after  testing  ten 
specimens  because  of  the  difficulty  encountered  and  the  unreli¬ 
ability  of  the  results.  These  specimens  are  not  reported  herein. 

Static  Loading  Equipment  for  Fatigue  Specimens.  As  an  alternate 
solution  to  dynamic  facing  strain  measurements,  dynamic  deflec¬ 
tion  measurements  were  taken  by  the  micrometer  gage  previously 
described.  The  procedure  followed  consisted  of  relating  the 
dynamic  deflection  to  the  force-gage  reading  while  the  test  was 
running.  Since  the  force-gage  reading  could  be  displayed  full 
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seal*  on  cho  scope,  the  fore#  could  b#  read  with  an  accuracy  of 
£2.5  par  cant,  a  considerable  laproveaent  over  the  strain-gage 
method. 

In  order  to  establish  the  relation  between  the  deflection  and  the 
facing  strain,  a  special  testing  device  was  made  to  load  the  fa* 
tlgue  specimens  statically.  The  equipment  employed.  Including  the 
Instron  testing  machine,  Is  shown  In  Figure  IS.  The  configuration 
of  the  apparatus  was  Identical  to  the  fatigue  device  mounted  on  the 
C*10E  exciter  except  for  the  fittings  required  for  attachment  to 
the  Instron.  Again,  each  end  of  the  specimens  was  gripped  between 
a  mount  and  a  top  plate,  both  lined  with  1/32 -Inch -thick  rubber 
pads  and  screwed  together  with  cap  screws,  and  each  torqued  to 
100  Inch-pounds. 

Deflections  were  measured  by  a  Baldwin  Model  PD-1M  differential 
transformer  type  deflectometer  and  automatically  plotted  versus 
load  on  the  Instron  x-y  recorder  (F  In  Figure  15),  an  Integral 
part  of  the  Instron  machine.  At  the  same  time,  stresses  were 
read  by  a  Baldwin  digital  etraln  recorder  (G  In  Figure  15) .  The 
load  versus  deflection  curve  on  the  Instron  chart  was  bllpped  at 
the  desired  points,  and  thus  complete  deflection  versus  facing 
strain  data  were  accumulated. 

c.  Experimental  Procedure 

In  constructing  a  fatigue  S-N  curve,  the  Investigator  is  faced 
with  a  mismatch  between  the  designer's  needs  and  the  limitations 
of  laboratory  fatigue  equipment.  The  designer's  needs  are  dic¬ 
tated  by  the  loading  requirements  on  the  structure  which  he  trans¬ 
lates  Into  the  required  stress  capability.  Thus,  the  S-N  curve 
(stress  versus  number  of  cycles  of  load)  Is  the  type  of  Informa¬ 
tion  required  for  design. 

The  Investigator  finds  It  difficult  to  keep  a  constant  stress  In 
the  specimens  In  the  laboratory  during  the  repeated  load  in  cer¬ 
tain  cases.  He  may  Impose  constant  repetitive  deflections  or 
constant  repetitive  strains,  but  these  may  not  be  translated 
directly  Into  stresses  unless  the  material  properties  and  geom¬ 
etry  of  the  specimen  remain  unchanged  during  the  test.  This 
is  not  usually  a  problem  In  tests  involving  direct  tension  or 
compression  repetitive  loads,  because  with  fixed  specimen  geometry 
and  the  capability  of  maintaining  constant  repetitive  loads  on 
the  specimens,  there  will  be  repetition  of  a  constant  maximum 
stress  even  If  the  modulus  of  elasticity  varies  over  the  duration 
of  the  test. 

In  the  case  of  this  experiment,  the  specimens  were  flexure  spec¬ 
imens  and  the  methods  of  maintaining  constant  stress  are  indirect. 
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Figure  15.  Equipment  for  Statically  Loading  Fatigue  Specimens.  A,  Clamps  to  Grip 
Specimen;  B,  Fatigue  Specimen;  C,  End  Supports  (Links);  D,  Loading  Links;  E,  Bald¬ 
win  Differential-Transformer  Def lec tome ter;  F,  X-Y  Recorder  on  Instron  Testing 
Machine;  G,  Baldwin  Digital  Strain  Recorder. 


It  i§  known  that  tha  modulus  E  of  the  flbarglaaa  laminate  facing 
materlala  changes  with  the  mnber  of  cycles  of  stress.  In  tests 
reported  herein,  the  modulus  decreased  as  much  as  3S  per  cent 
over  the  specimen  life.  Thus,  If  constant  repetitive  deflections 
are  Impoaed  on  the  speclsMn,  the  atress  will  decrease  with  the 
decreasing  modulus  E  over  the  duration  of  the  test.  An  alterna¬ 
tive  is  that  of  tracking  the  strain  on  the  specimen,  but  since 
converting  strain  Information  Into  stresses  Is  also  dependent 
upon  the  varying  modulus,  this  could  not  be  obtained  without  ex¬ 
cessively  complicating  the  Instrumentation  and  running  a  separate 
Investigation  on  audulus  variation.  Time  would  not  permit  this 
extra  phase  In  the  present  Investigation. 

This  problem  was  circumvented  by  a  combination  of  strain,  deflec¬ 
tion  and  load  measurements.  In  the  feasibility  portion  of  the 
experiment,  two  methods  were  used  and  evaluated.  One  method  re¬ 
lated  dynamic  strain-gage  measurements  to  the  force-gage  readings, 
and  the  other  method  related  dynamic  deflection  measurements  to 
the  force-gage  readings. 

In  the  strain-gage  method,  the  amplitude  of  vibration  of  the 
machine  was  rapidly  Increased,  thus  Increasing  the  deflection 
of  the  fatigue  specimen,  and  at  the  same  time  the  dynamic  strain 
signal  on  the  oscilloscope  was  read.  This  was  an  exceedingly 
tricky  procedure.  When  the  proper  strain  was  achieved,  the  oscil¬ 
loscope  was  switched  to  the  force-gage  circuit,  and  a  force 
reading  taken  and  then  maintained  throughout  the  duration  of  the 
test.  Because  of  the  difficulty  in  obtaining  accurate  strain 
readings  (see  second  part  of  section  B2b)  and  also  maintaining 
strain  gages  serviceable  for  a  long  enough  period  to  make  the 
switch  to  the  force  gage,  this  method  was  abandoned. 

As  an  alternate  solution,  one  which  proved  to  be  much  more  feasi¬ 
ble  and  accurate,  a  dynamic  deflection  measurement  was  made  while 
the  amplitude  of  vibration  was  rapidly  Increased.  When  the 
proper  deflection  was  achieved  (measured  with  an  accuracy  of 
0.001),  a  force-gage  reading  was  taken  and  then  maintained  for 
the  duration  of  the  test.  The  dynamic  deflation  measurement 
was  previously  described,  on  page  47. 

In  order  to  carry  out  this  procedure,  a  relationship  between 
deflection  and  facing  stress  had  to  be  established.  To  do  this, 
three  specimens  for  each  type  of  sandwich  construction  (aluminum 
or  HRP  core)  were  tested  statically  in  the  static  loading  device 
prevloualy  described  (last  part  of  section  B2b).  The  fixture 
provided,  as  near  as  possible,  Identical  conditions  of  clamping 
and  load  application  to  that  which  the  fatigue  equipment  would 
give. 
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In  each  teat  the  specimen  was  loaded  to  approximately  30  per 
cent  of  the  ultimate  flexural  load  to  seat  the  specimen  in  the 
test  fixture  and  to  remove  initial  discontinuities  from  the  de¬ 
flection  curve.  The  specimen  was  then  loaded  continuously  at  a 
rate  of  0.0S  inch  per  minute  until  a  strain  equivalent  to  25,000 
psl  stress  was  recorded  on  the  facings.  Complete  strain,  deflec¬ 
tion  and  load  data  were  taken.  The  curve  »*as  1  e-run  four  times 
for  each  specimen,  and  on  the  final  run  the  specimen  was  loaded 
to  failure.  The  final  failure  strain  wos  recorded  and  converted 
to  ultimate  failure  stress  based  on  a  modulus  of  elasticity  of 
3.33  x  10^  psi.  The  modulus  was  an  average  value  based  on  ten¬ 
sion  and  compression  tests  carried  out  on  a  laminate  made  at  the 
same  time  as  the  sandwich  panels  (see  section  A2a,  page  3). 

The  data  from  the  three  specimens  for  each  type  of  sandwich 
construction  (a  total  of  12  stress-deflection  curves)  were 
averaged  to  establish  the  deflection-stress  relationship. 

All  the  curves  were  almost  Identical,  which  was  an  indication  of 
the  careful  fabrication  and  machining  process  which  was  used  to 
make  the  specimens.  Nevertheless,  the  averaging  of  the  results 
did  perhaps  serve  to  eliminate  some  minor  experimental  error  and 
minor  difference  in  specimens.  The  curves  for  both  types  of  con¬ 
struction  were  also  nearly  identical.  The  following  equations 
were  obtained  from  the  curves  for  use  in  calculating  the  dynamic 
stresses  of  the  fatigue  specimens: 

Aluminum  Core:  Facing  Stress  (psl)  ■  7022  x  deflection  (Inches) 

HRP  Core:  Facing  Stress  (psl)  -  7072  x  deflection  (inches). 

It  must  be  pointed  out  that  there  may  be  some  indeterminate  error 
in  this  process  because  the  dynamic  moduli  and  the  static  moduli 
may  not  be  precisely  the  same.  However,  in  section  A3e  it  was 
concluded  in  the  damping  investigation  that  there  was  no  signif¬ 
icant  difference  between  the  two  moduli  for  either  of  the  core 
materials  or  the  facing  laminates  at  the  rates  of  strain  Imposed 
in  the  damping  vibrations.  The  rates  of  strain  were  estimated 
to  be  no  more  than  three  times  as  great  in  the  fatigue  tests  as 
in  the  damping  Investigation,  so  that  it  is  believed  that  the 
moduli  are  not  significantly  different.  Nevertheless,  this  is 
the  best  relationship  that  could  be  established  at  this  point. 

A  frequency  of  40  cps  was  used  for  the  fatigue  test  program. 

This  frequency  was  chosen  on  the  basis  of  the  exciter's  capa¬ 
bility  and  a  reasonable  maximum  speed  for  the  specimen.  At  the 
highest  stress  (25,000  psl),  a  total  vertical  movement  of  the 
center  of  the  specimen  of  over  0.7  inch  was  necessary,  and  the 
specimen  could  be  observed  only  as  a  blur  while  under  test.  At 
this  speed,  the  shortest  failure  time  occurred  in  5,743  cycles,  or 
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only  2.4  minutes,  while  the  longest  tests  made  were  10  million 
cycles  at  10,000  pal,  or  72  hours  of  continuous  operation.  The 
fatigue  machine  required  continuous  monitoring  and  adjustment 
during  each  test. 

The  40-cps  operating  frequency  was  near  the  resonance  of  the  total 
mechanical  system.  The  system  consisted  of  two  primary  masses, 
the  exciter  table  (approximately  20  pounds)  and  the  fatigue  de¬ 
vice  and  speclsmn  (approximately  15  pounds).  A  spring  constant 
was  provided  by  an  internal  spring,  the  specimen  Itself,  and 
two  auxiliary  springs  screwed  to  the  table  at  the  bottom  and 
Into  the  stanchion  crossing  above  the  specimen,  which  vas  in  turn 
fastened  to  the  frame  of  the  exciter.  The  two  auxiliary  springs, 
each  with  a  spring  constant  of  900  pounds  per  inch,  were  necessary 
to  adjust  the  frequency  of  the  system  upwards  to  40  cps  and  to 
give  the  system  stability  during  the  development  of  the  fatigue 
process.  Operating  the  system  at  resonance  was  favored  to  avoid 
overtaxing  the  exciter  for  the  long  test  period,  since  this  proce¬ 
dure  would  substantially  reduce  the  force  requirement. 

It  is  emphasised  that  the  system  as  a  whole  operated  at  reso¬ 
nance.  There  were  no  resonant  effects  on  the  specimen  Itself 
because  Its  natural  frequency  would  be  In  the  vicinity  of  800 
cps  or  more  In  a  simply  supported  state.  Since  both  deflection 
and  link-reaction  force  were  measured  dynamically,  and  even  though 
the  flexibility  of  the  specimen  Increased  over  the  duration  of 
the  test,  constant  repetitive  moment  was  applied  to  the  ends  of 
the  specimen;  thus  It  may  be  stated  that  constant  stress  was 
achieved  in  the  specimen  facings  throughout  the  duration  of  the 
test. 

The  deflection  of  the  specimen  Increased  as  much  as  35  per  cent 
during  a  test.  On  a  fsw  spec ns,  dynamic  deflection  measure¬ 
ments  were  made  periodically  during  the  duration  of  the  test. 

The  test  had  to  be  a  relatively  long  one  (at  least  two  hours)  In 
order  to  record  a  sufficient  number  of  points  to  plot  a  curve. 

In  a  test  lasting  only  a  few  minutes  there  were  too  many  required 
data  to  record  and  too  many  adjustments  to  make  to  take  time  for 
these  extra  data.  Figure  16  shows  a  typical  curve  for  deflection 
Increase  for  a  specimen  (aluminum  core)  loaded  at  a  facing  stress 
of  14,000  psl. 

Since  only  scant  deflection  Increase  data  were  taken,  no  com¬ 
parison  of  deflection  increase  (decrease  in  modulus)  can  be  made 
between  stress  levels  or  between  specimens  with  the  two  types  of 
core  material.  It  was  noted,  however,  that  as  the  stiffness  of 
the  specimen  decreased,  the  resonant  frequency  of  the  system 
changed  and  the  exciter  had  to  work  harder  to  maintain  constant 
force  at  the  constant  40-cps  frequency.  This  was  apparent  through 
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observations  of  the  change  of  plate  current  required  as  displaced 
on  the  control  console,  indicating  the  change  in  input  power. 

This,  in  fact,  became  a  way  of  detecting  approaching  failure  of 
specimens.  When  the  plate  current  changed  from  a  constant  slow  in¬ 
crease  to  a  sharp  Increase  requiring  frequent  adjustment  of  the 
vibration  amplitude  and  reaction  force,  failure  was  imminent. 

All  the  fatigue  tests  were  run  at  ambient  temperatures  which 
ranged  between  60  and  82  degrees  Fahrenheit.  Past  research  (ref¬ 
erence  4)  has  shown  little  temperature  effect  on  fatigue  results 
for  such  small  temperature  variation.  The  specimens  themselves 
became  hotter  than  room  temperature  during  the  test  due  to  energy 
absorption  but  became  only  warm  to  the  touch.  There  seemed  to  be 
no  detectable  correlation  between  temperature  and  fatigue  life. 


TIME  (minuttt) 


Figure  16.  Typical  Variation  of  Specimen  Deflection  with  Time 
During  Fatigue  Testing.  This  specimen  was  constructed  of  HRP 
fiberglass  core  and  was  loaded  14,000  psl  at  the  rate  of  40  cps. 
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A  total  of  47  specimen*  were  teated.  Thirteen  of  these  were  ex¬ 
perimental  specimens  used  to  adjust  the  equipment  and  standardise 
the  procedures.  One  was  used  to  check  the  effect  of  a  particular 
"wave"  form  in  the  fabric  due  to  an  error  in  fabrication,  and  33 
were  used  to  establish  the  S-N  curve  described  later. 

3.  Test  Results  and  Evaluation 


a.  S-N  Curve  and  Discussion  of  Fatigue  Data 

Fatigue  tests  were  run  at  the  following  six  stress  levels  in 
the  facing  laminate:  25,000;  20,000;  17,000;  14,000;  12,000; 
and  10,000  psl.  Three  specimens  were  used  to  establish  each 
point  on  the  S-N  curve  for  each  type  of  sandwich  construction 
tested,  except  for  the  10,000  psi  level  where  only  three  specimens 
were  tested  for  both  types.  A  sunmary  of  the  results  is  shown  in 
Tables  6  and  7  for  each  type  of  construction. 

The  numbers  of  cycles  to  failure  at  each  stress  level  were 
averaged  to  plot  the  S-N  curve.  The  resulting  curve  is 
presented  in  Figure  17.  It  will  be  noted  in  studying  the 
data  at  each  stress  level  that  there  is  a  considerable  spread; 
yet,  despite  this  spread  in  the  data,  the  average  value  at 
each  point  falls  on  a  smooth  curve.  The  data  for  both  the 
aluminum-core  specimens  and  the  HRP-core  specimens  seem  to  fall 
on  the  same  curve;  in  fact,  it  did  not  seem  feasible  even  to 
distinguish  between  the  two  materials  in  drawing  the  curve. 

This  was  not  surprising  because  the  type  of  flexure  test  used 
with  constant  moment  on  the  test  span  gives  only  tension  and 
compression  in  the  facings  with  no  shear  stress  in  the  core. 
However,  there  may  have  been  some  incidental  uncalculable  shear 
stress  at  the  glue  line  or  in  the  core  due  to  small  amounts  of 
torsion  or  undetected  unsymmetrlcal  loading,  but  this  would  be 
minor  compared  with  the  flexural  stresses. 

All  of  the  specimens  failed  in  the  fatigue  machine  except 
three.  These  included  two  alumlnuut-core  specimens  and  one 
HRP-core  specimen  loaded  at  a  facing  stress  of  10,000  psl. 

All  of  these  endured  10  million  cycles  or  more.  It  did  not 
seem  necessary  to  establish  this  point  with  more  specimens 
since  the  S-N  curve,  if  projected,  indicated  the  life  of  i 
specimen  loaded  at  10,000  pnl  to  be  about  15  million  cycles. 

Although  the  curve  seems  to  be  gradually  flattening,  it  does 
not  necessarily  indicate  that  the  material  has  an  endurance  limit. 
Most  nonmetalllc  materials  do  not  have  an  endurance  limit.  The 
term  fatigue  strength  is  usually  used  in  such  cases  and  defines  the 
stress  that  may  be  endured  for  a  given  number  of  cycles  of  load. 
From  the  curve,  one  can  say  the  material  has  a  fatigue  strength 
at  various  numbers  of  cycles  of  load  N  as  listed  hereafter: 
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TABLE  6  TABLE  7 

FATIGUE  TEST  DATA  -  ALUM WW  COKE _  _ FATIGUE  TEST  DATA  -  riBOtCLASS  (ffltf)  COKE 
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Figure  17.  Fatigue  S-N  Curve  for  FRP  Facing  and  Honeycomb  Core 
Sandwich  Structure  Subjected  to  Pure  Flexural  Loading. 
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b.  Description  of  Types  of  Fatigue  Failure 

Figure  18  on  the  following  page  illustrates  some  typical  fatigue 
failures.  This  is  a  group  of  aluminum-core  specimens  loaded 
at  14,000  psl  in  the  facings.  The  failures  were  approximately 
perpendicular  to  the  direction  of  the  principal  stress  and 
followed  the  fabric  fill  direction  (across  the  width  direction). 

If  the  weave  was  slightly  canted  from  perpendicular,  the  failure 
line  followed  the  slant  of  the  weave. 

The  majority  of  the  failures  occurred  in  the  center  "inch"  of 
the  specimens  but  rarely  at  the  narrowest  point.  The  point  of 
failure  seemed  to  be  influenced  by  edge  defects  in  some  cases; 
i.e.,  after  failure,  four  or  five  small  cracks  were  noted  extend¬ 
ing  into  the  center  of  some  of  the  specimens  a  distance  of 
approximately  1/32  inch  from  the  edge,  especially  in  the 
center  inch  of  the  specimen  in  an  area  adjacent  to  the  failure 
line.  All  of  these  short  cracks  developed  during  the  test,  and 
apparently  the  most  critical  crack  was  rapidly  propagated  across 
the  specimen  at  failure.  At  the  high  strt  ses,  a  sharp  "report" 
was  heard  at  failure  as  the  crack  propagated  across  the  specimen 
in  apparently  one  quarter  cycle  of  load. 

Simultaneously  with  the  facing  failure,  the  core  material  ruptured, 
with  a  vertical  crack  penetrating  from  the  facing  rupture  to  the 
opposite  unruptured  face.  This  is  the  only  phase  of  the  test 
where  one  type  of  core  seemed  to  have  superiority  over  the  other. 
Here  the  aluminum  core  had  only  the  vertical  crack,  while  the  HRP 
core  became  more  shattered  and  the  facing  peeled  from  '.he  core 
for  about  1  to  2  inches  back  from  the  facing  break  due  to 
acceleration  forces  in  the  fatigue  machine.  There  were  some 
diagonal  cracks  originating  in  or  passing  through  the  core  per¬ 
forations  in  some  of  the  specimens.  The  cracks  were  at  about  45 
degrees.  It  was  impossible  to  determine  if  these  cracks  were  a 
function  of  the  fatigue  process  similar  to  those  reported  by 
Apodaca  and  Preston  (reference  50),  where  progressive  cracking  of 
core  walls  was  reported,  or  if  they  were  a  function  of  the  final 
rupture.  At  any  rate,  it  appeared  that  the  energy  absorption 
characteristics  of  the  aluminum  core  would  thus  be  superior. 
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Figure  18.  Typical  Facigue  Failures  Illustrated  by  the  Family  of  Specimens 
Tested  at  14,000  psi.  A,  Specimen  A21  with  "Wave"  Fabrication  Defect  (Failed  at 
609,600  Cycles),  Note  Contours  of  Fill  Line  Dram  on  Facing;  B,  C,  and  D,  Spec¬ 
imens  A13,  A14,  and  A15  (Failing  at  1,039,000;  1,802,400;  and  2,033,300  Cycles). 


Microscopic  examination  of  the  facing  surface  after  failure  showed 
a  pattern  of  small  microcracks.  The  cracks  were  perpendicular  to 
the  direction  of  the  principal  stress,  following  the  fill  direction 
of  the  fabric.  The  depth  of  cracks  could  not  be  determined,  and 
they  may  not  have  penetrated  beyond  the  first  layer  of  fabric.  It 
was  not  possible  to  observe  with  the  microscope  (100  power)  the 
relationship  of  cracks  to  the  cross-over  points  between  the  warp 
and  fill  strands  because  the  strands  are  visually  merged  with  the 
resin. 

Apparently  these  microcracks  have  been  observed  before.  Wilson 
(reference  48),  for  example,  has  reported  the  accumulation  of 
interlaminar  air  blisters  in  filament -wound  air-storage  bottles 
cyclicly  pressurized  (4  cycles  per  minute)  at  as  low  as  3,000 
cycles  of  pressure.  These  blisters  could  have  been  due  to  the 
formation  of  microcracks  and  the  consequent  penetration  of  the 
pressurized  gas  into  the  laminate.  Broutmen  (reference  7)  also 
has  studied  these  cracks  for  filament -wound  plastics.  He  indicat¬ 
ed  that  the  cracks  propagate  to  form  larger  cracks  when  the  mate¬ 
rial  is  subjected  to  creep  and  fatigue  loads  and  that  these  cracks 
can  exist  well  in  advance  of  ultimate  fracture. 

Scattered  throughout  the  resin  are  small  air  bubbles  ranging  be¬ 
tween  0.002  inch  and  0.005  inch  in  diameter.  These  bubbles  did 
not  seem  to  influence  the  crack  pattern;  i.e.,  they  were  not  the 
origin  of  the  microcracks.  Although  sometimes  cracks  terminated 
in  bubbles  or  passed  through  them,  there  were  many  bubbles  which 
were  bypassed  by  cracks.  The  bubbles  were  only  faintly  visible 
to  the  naked  eye,  and  the  surface  of  the  specimens  could  usually 
be  described  as  smooth  and  glossy.  Some  specimens  exhibited  more 
air  bubbles  than  others,  but  there  did  not  seem  to  be  a  relation¬ 
ship  between  the  fatigue  life  and  the  number  of  air  bubbles.  On 
the  contrary,  some  of  the  specimens  with  the  greatest  number  of 
bubbles  had  the  longest  fatigue  life. 

The  microcracks  were  spaced  on  the  order  of  1/64  inch  to  1/32  inch 
or  less  and,  when  magnified,  resembled  a  group  of  straws  laid  par¬ 
allel  to  one  another  in  a  sort  of  lattice  with  very  few  perpendic¬ 
ular  connections.  The  crack  pattern  was  similar  to  the  crack  pat¬ 
tern  observed  in  simple  tension  specimens.  It  could  not  be  deter¬ 
mined  whether  these  cracks  developed  during  the  fatigue  process  or 
whether  they  were  a  function  of  the  final  failure  process. 

Werren  (reference  47)  has  reported  similar  crazed  formations  in 
polyester  laminates  when  tensile  stresses  beyond  the  initial 
proportional  limit  are  applied.  He  hypothesizes  that  epoxide 
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laminates  will  probably  craze  also.  Thus  the  resin  gives  less 
lateral  support  to  the  glass  fibers  on  successive  compressive 
loads,  and  failure  may  occur  at  a  fewer  number  of  cycles  because 
of  the  more  critical  lateral  buckling  stresses  in  individual 
fibers. 

It  seems  that  more  research  should  be  done  in  the  uture  on  the 
formation  of  microcracks  and  the  part  they  play  in  the  fatigue 
process.  Perhaps  there  are  improvements  in  the  weave  or  type  of 
resin  used  which  may  eliminate  them  and,  thus,  Increase  fatigue 
life. 

Specimen  A  in  Figure  18  illustrates  the  failure  of  a  specimen 
(A21,  Table  6)  which  had  a  "wave"  distortion  of  the  fabric 
inadvertently  produced  in  the  fabrication  process.  Note  that 
the  failure  line  followed  the  "wave"  fill  line  of  the  fabric. 

The  fatigue  life  of  this  specimen  was  substantially  below  the 
average  fatigue  life  of  the  other  aluminum-core  specimens  in 
this  group  (14,000  psi):  it  endured  only  38  per  cent  of  the 
average  fatigue  life.  Another  similar  specimen  (A8,  Table  6) 
was  the  highest  in  its  group  (17,000  psi),  so  that  no  conclusions 
can  be  drawn  about  such  fabrication  distortion  defects. 

Comparison  of  Results  With  Past  Research 

The  only  fatigue  tests  similar  to  those  reported  herein  were 
performed  by  Keer  and  Lazan  (reference  19).  Only  four  specimens 
were  reported  on  fiberglass  facing-fiberglass  core  combinations, 
but  several,  other  types  of  sandwich  constructions  were  reported. 
The  tests  were  performed  on  an  electromagnetic  exciter  with  a 
double  cantilever  specimen  mounted  symmetrically  on  the  machine. 
The  specimen  was  vibrated  at  resonance,  and  a  combination  of 
flexure  and  shear  was  produced  in  the  specimen  instead  of  pure 
flexure  as  in  the  present  tests.  The  four  specimens  established 
a  smooth,  but  flat,  S-N  curve.  All  four  specimens  failed  between 
12,000  and  300,000  cycles  of  load  at  facing  stresses  ranging  from 
9,000  to  7,000  psi.  None  of  the  specimens  in  the  tests  given 
herein  has  such  low  fatigue  life--at  10,000  psi,  th;  liwest 
stress  used,  the  life  exceeded  10  million  cycles. 

No  data  on  fabrication  details  were  given,  so  that  a  direct 
comparison  of  results  is  impossible.  In  the  resonant  system 
used  by  Keer  and  Lazan,  the  natural  frequency  dropped  off  near 
failure  as  cracks  developed.  This  gave  more  time  to  observe 
failure.  The  failures  reported  were  similar  to  the  tests 
reported  herein;  i.e.,  facing  failure  began  with  the  breaking 
of  many  fibers  of  the  facing  (possibly  similar  to  microcrack 
formation)  and  the  development  of  a  fragmented  white  portion 
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on  the  edge  of  the  beam  (delamlnation  and  edge  crack)  which 
moved  toward  the  center,  slowly  at  first,  but  finally  resulting 
in  a  rapid  failure.  The  frequency  and  load  were  maintained 
constant  right  up  to  failure  in  the  tests  reported  herein,  so 
that  failure  was  quicker  and  of  a  more  catastrophic  nature. 

Other  than  having  similar  modes  of  failure,  the  tests  do  not 
seem  to  be  comparable. 

Other  fatigue  tests  reported  on  sandwich  construction  are 
those  by  Uerren  (reference  46,  parts  C  and  H)  and  James  and 
Norris  (reference  17),  both  performed  at  the  Forest  Products 
Laboratory  (FPL).  All  of  these  tests  were  aimed  at  core 
shear  fatigue  and  were  not  comparable  to  the  flexure  tests 
reported  herein.  Nevertheless,  some  interesting  conclusions 
were  drawn  which  may  affect  the  direction  of  USAAVLABS  work. 

Both  FPL  investigations  used  heavier  aluminum  core.  Uerren 
used  3/8-inch  cell  size,  perforated  aluminum  foil,  2  or 
4  mils  thick,  laminated  between  2024  clad  aluminum  alloy 
facings  with  a  high  temperature,  thermoplastic,  thermosetting 
resin.  James  and  Norris  used  aluminum  core  with  3/8-lnch  cell 
size  with  2-,  3-,  or  4-mll  thickness  foil  bonded  directly  to 
the  test  fixture.  In  both  cases  the  glue  line  bonding  the  core 
to  facings  or  fixture  was  generally  unaffected  by  the  fatigue 
loads  ea~ly  in  the  test,  causing  diagonal  cracks  in  the  core. 

This  caused  a  slight  load  drop  in  the  test,  but  did  not  cause 
failure.  Final  failure  was  a  combination  of  diagonal  cracks 
and  buckling  of  core  walls,  with  core-to-faclng  glue  line  failure 
as  a  secondary  effect. 

The  James  and  Norris  work  indicated  that  the  shear  fatigue 
strength  at  100,000  cycles  averaged  40  per  cent  of  the  static 
shear  strength.  Also,  the  fatigue  strength  at  low  frequency 
(15  cps)  was  substantially  higher  than  that  obtained  at  high 
frequency  (200  cps)  by  a  factor  of  1.75.  The  fatigue  limit 
ranged  from  20  to  23  per  cent  of  static  strength.  Uerren' s  re¬ 
sults  for  aluminum  core  were  higher,  indicating  a  fatigue  strength 
of  23  to  36  per  cent  of  static  strength  at  30  million  cycles  of 
load  depending  on  the  plane  of  loading  (ribbon  direction  or 
perpendicular  to  ribbon  directl  n). 

In  a  supplement  to  the  first  report,  Uerren  (reference  46, 
part  K)  la  er  reported  more  tests  where  core-to-facing  bonds 
were  more  critical.  However,  given  adequate  bond,  a  fatigue 
strength  of  38  per  cent  of  the  static  strength  could  be  expected 
at  30  million  cycles  of  load.  Since  the  core  used  in  the  tests 
reported  herein  was  only  1  mil  in  thickness  and  had  a  density 
of  no  more  than  50  per  cent  of  those  in  the  other  investigations, 
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additional  shear  fatigue  tests  on  aluminum  core  are  needed.  The 
Investigation  of  the  Integrity  of  the  core-to-facing  bonds  should 
also  be  a  part  of  the  program. 

Werren  (reference  46,  part  K)  also  tested  fiberglass-honeycomb 
core  laminated  between  6-ply  fiberglass  facings  or  aluminum 
facings  in  shear  fatigue  in  a  similar  method  to  that  described 
above.  The  tests  showed  a  fatigue  strength  at  30  million  cycles 
of  load  of  about  42  per  cent  of  static  strength.  No  weakness  of 
glue  line  was  indicated.  Failures  began  by  shear  cracks  either 
parallel  or  perpendicular  to  the  flutes  which  gradually  progressed 
during  the  test.  The  fatigue  strength  was  affected  very  little 
by  the  direction  of  loading  (ribbon  direction  or  perpendicular 
to  ribbon  direction). 

The  only  other  fatigue  tests  on  sandwich  construction  are  those 
reported  by  Apodaca  and  Preston  (reference  50).  Several  types 
of  metal-honeycomb  sandwiches  were  tested.  A  double  cantilever 
specimen  similar  to  Keer  and  Lazan's  (reference  19)  was  tested 
at  resonance  in  an  electromagnetic  vibrator.  Thus,  the  specimen 
was  subjected  to  both  shear  and  flexure.  The  pertinent  specimens 
used  aluminum  core  material  (5052-H39)  with  3/16-inch  cells  and 
a  2-mil  foil  thickness.  There  was  considerable  scatter  in  the 
results,  but  a  core  shear  fatigue  strength  of  27  per  cent  of  the 
ultimate  core  shear  strength  was  established  at  one  million  cycles. 
The  shear  fatigue  strength  found  at  the  Forest  Products  Laboratory 
(reference  17  and  46)  for  pure  shear  is  substantially  higher 
than  those  reported  by  Apodaca  and  Presten.  This  leads  to  the 
hypothesis  that  flexure  and  shear  combined  loads  will  lead  to 
shear  fatigue  failures  at  lower  numbers  of  cycles  of  loads  at  a 
given  core  shear  stress  even  if  core  shear  fatigue  failures  are 
the  final  result.  Thus,  the  area  of  combined  flexure  and  shear 
fatigue  loading  needs  further  investigation. 

There  has  been  a  great  variety  of  fatigue  tests  on  laminates  of 
various  thickness,  types  of  fabric,  and  adhesives  reported  in  the 
literature  over  the  past  few  years  (references  1,  4,  5,  7,  9,  21, 
28,  32,  39,  and  47  are  a  sample  of  these).  Some  of  this  work 
bears  directly  on  the  present  results.  Boiler  (reference  4) 
reported  tests  on  a  series  of  23-ply  fiberglass  laminates  using 
181-Volan  A  fabric  and  alkyd-styrene  or  polyester  adhesives.  The 
results  indicated  a  fatigue  strength  of  9,000  psi  (FS/UTS  -  0.22) 
at  10  million  cycles  and  20,600  psi  (FS/UTS  *  0.51)  at  10,000 
cycles.  These  results  are  slightly  below  the  fatigue  strength  ob¬ 
tained  in  this  project,  but  Pusey  (reference  32)  has  indicated  that 
polyester  laminates  are  inferior  to  epoxy  laminates  in  fatigue. 
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Werren  (reference  47)  and  Kimball  (reference  21),  both  Forest 
Products  Laboratory  investigators,  supplemented  Boiler's  work. 

The  specimens  were  24-  or  26-ply  tension-compression  specimens 
of  181-Volan  A  fabric,  with  an  EPON  828  and  curing  agent  CL 
adhesive  system.  The  tests  were  aimed  at  comparing  notched 
specimens  with  unnotched  specimens  loaded  at  various  angles  to 
the  warp  direction.  Several  S-N  curves  reported  by  Werren  seem 
to  be  comparable  to  the  results  reported  herein  for  sandwich 
facings.  The  fatigue  strength  to  ultimate  static  strength 
ratio  ranged  from  0.27  to  0.41  at  10  million  cycles  and  0.35 
to  0.48  at  one  million  cycles.  The  FPL  results,  whether  express¬ 
ed  in  ratio  form  or  in  psl,  exceeded  the  fatigue  strengths  for 
the  facings  reported  herein.  Of  course,  this  leads  to  the  suspi¬ 
cion  that  there  is  a  difference  in  failure  mechanism  between  a 
3-ply  laminate  and  a  24-  to  26-ply  laminate  or  that  the  methods 
of  tests  are  not  comparable  at  all. 


4.  Conclusions  and  Recommendations 


The  major  conclusions  and  recommendations  drawn  from  the  fatigue  test¬ 
ing  phase  of  the  research  are  as  follows: 

a.  The  composite  sandwich  construction  of  the  type  tested  does  not 
have  a  fatigue  endurance  limit.  Instead,  a  fatigue  strength  of 
the  facings  at  a  given  number  of  cycles  of  load  may  be  used  to  ex¬ 
press  its  fatigue  characteristics.  For  these  tests  the  fatigue 
strength  was  14,500  psi  in  the  sandwich  facings  at  one  million 
load  cycles. 

b.  There  was  considerable  scatter  in  the  results  of  the  fatigue 
tests  at  a  particular  stress  level  due  to  the  great  number  of 
variables  present  in  composite  sandwich  construction.  The  average 
of  the  data  at  each  stress  level  allowed  the  construction  of  a 
smooth  S-N  curve.  Wher  eno  igh  similar  tests  are  made,  the  prob¬ 
ability  of  failure  should  be  included  in  the  analysis  and  proba¬ 
bility  of  failure  versus  cycles  of  load  curve  constructed  for 
various  stress  levels. 

c.  All  fatigue  failures  for  fiberglass  sandwich  construction  loaded 
in  pure  flexure  will  occur  in  the  facings.  The  core  material  and 
glue  line  between  core  and  fatigue  were  unaffected  within  the 
limits  of  the  tests  reported  herein. 

d.  There  was  no  difference  in  fatigue  life  between  the  fiberglass 
sandwiches  using  aluminum  honeycomb  core  and  those  using  HRP 
fiberglass  honeycomb  core. 
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e.  Further  research  should  be  performed  on  the  fatigue  strength  of 
the  glue  line  between  the  facing  laminate  and  the  core  material 
using  the  combination  of  materials  reported  In  this  research. 

Past  research  indicates  that  the  glue  line  Is  not  a  problem  for 
various  other  adhesive  combinations,  but  this  should  be  verified 
for  the  present  material  combinations. 

f.  Further  research  should  be  carried  out  on  combination  fatigue 
loading  conditions;  l.e.,  combinations  of  flexure  and  shear  in 
sandwich  construction,  and  biaxial  loading  of  both  laminates  alone 
and  as  used  In  sandwich  construction  with  various  types  of  core 
material.  This  research  should  not  be  carried  out  until  more 
fabrication  research  and  static  tests  are  performed  on  singly  and 
doub'y  curved  panels  and  on  full-scale  components. 

g.  At  this  point,  it  ippears  that  the  sandwich  construction  with 
aluminum  honeycomb  cores  has  a  slight  advantage  over  those  using 
HRP  fiberglass  honeycomb  cores.  This  opinion  Is  based  mostly  on 
the  more  extensive  damage  done  to  the  HRP  core  in  the  fatigue 
failure  process  even  though  both  types  fall  on  the  same  S-N 
curve. 

h.  Research  on  the  development  of  microcracks  and  methods  of 
preventing  them  Is  encouraged.  Although  some  improvements  can 
probably  be  made  along  these  lines  by  changes  in  fabric,  the  main 
problem  Is  probably  in  the  molecular  structure  of  the  resin.  Thus, 
the  compatibility  of  resin  with  fiberglass  will  probably  be  Im¬ 
proved  mainly  by  changes  In  the  adhesives  and  glass  coatings. 

1.  The  fatigue  results  are  generally  encouraging  and  compare  favor¬ 
ably  with  previous  tests  reported  for  fiberglass  laminates  alone. 
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APPENDIX 


FREQUENCY  AND  MODE -SHAPE  ANALYSIS 
BY  TIMOSHENKO  BEAM  THEORY 


A  complete  derivation  of  the  Timoshenko  beam  theory  for  vibration  of  homo¬ 
geneous  beams  with  flexural  and  shear  flexibility  and  lateral  (translation¬ 
al)  and  rotatory  Inertia  is  developed  here  from  first  principles.  This  was 
deemed  necessary  for  the  following  reasons: 

(1)  The  most  complete  Timoshenko  beam  vibration  analysis  reported  in  the 
literature  (Huang,  reference  IS)  contains  some  minor  errors. 


(2)  Inclusion  of  this  derivation  makes  the  complete  and  correct  analysis 
available  without  resorting  to  numerous  references. 

(3)  It  will  be  used  as  the  basis  for  sandwich  beam  calculations  discuss¬ 
ed  in  section  A3c. 


Derivation  of  the  Differential  Equation  of  Motion  for  a  Timoshenko  Beam 

The  Lagrangian  method  is  used  here  to  derive  the  governing  partial  differ¬ 
ential  equation.  For  a  derivation  using  Newton's  second  law,  the  reader  is 
referred  to  pp.  329-331  of  reference  42. 

All  energies  are  per  unit  length  of  beam.  The  strain  energy  of  bending  is 

( 1/2) El  (  /d*)2 

where  E  is  the  elastic  modulus  of  the  facings,  I  is  the  area  moment  of  in¬ 
ertia  about  the  neutral  axis,  tff  is  the  slope  of  the  beam  deflection  curve 
due  to  flexure  only,  and  x  is  the  position  co-ordinate  along  the  length  of 
the  beam. 

The  strain  energy  of  transverse  shear  deformation  is 
( 1/2)AKG  ^  -  f  I  2 

where  A  is  the  shear  area,  K  is  a  shear-deformation  shape  factor  to  be  de¬ 
termined  in  a  later  section,  G  is  the  core  modulus  of  elasticity  in  shear, 
and  y  is  the  total  lateral  deflection. 
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The  translational  kinetic  energy  la 
(1/2)  M  <^y/dt)2 

where  M  la  the  total  beam  maae  per  unit  length  of  beam  and  t  is  time.  The 
rotational  kinetic  energy  la 

(1/2)  J  (bf/b t)2 

where  J  la  the  total  beam  maaa  moment  of  inertia  per  unit  length  of  beam. 
Then  twice  the  !agranglan  la  given  by 

M  ( by/  dO2  +  J  (  b^/  b t)2  -  El  (  df/b*)1  -  gak  fe  -f)  ■ 

Applying  Hamilton* a  principle  to  the  Lagrangian  results  in  the  following 
set  of  partial  differential  equations: 

H  J&L2  -  GAK  -  bjfL  )-  0  (A- 1) 

at2  ( dx2  bJ 

J  dJ t.  -  EI  GAK  (bOL  -  Ut\  m  o.  (A-2) 

dx2  \  bx  1  / 


Solving  Equation  (A-l)  for  fP  : 


III  „  f (Jlx  .  JL dlt .  An  . 
r  J($x2  GAK  3t2/ 


Putting  this  into  Equation  (A-2)  gives 

j  in  .  ia.  \j£z  dx .  EI  Jh.  +  si"  _ii 

t2  GAK  J 


bxb 


3  GAK 


bxbi 


fjLl! 

J  GAK  at 


ILl  dx  -  0  . 

>.2 


Now,  differentiating  with  respect  to  x  to  eliminate  the  integrals  results 
in 


+  £™)  .d.V 

fc2  v  «V  dx2dt 


_  +  Jtl  .  0 

2  GAK 


f  /  +  E"  fs  '  (« *  G«)  ° '  <AO) 


Equation  (A-3)  la  equivalent  to  an  equation  derived  by  Timoshenko  for  a 
homogeneous  beam.  The  application  of  Equation  (A-3)  to  sandwich-type 
beams  is  presented  in  section  A3d. 


In  similar  fashion,  the  following  equation  in  ft  can  be  written: 


JL  *l3L  /j  i  m  )  ,  /  j  )/m  jdV 

EI  dt2  l  El  CAkJ  dx2dc2  (ei/IcAK/  ** 


0  . (A-4) 


General  Solution  of  the  Timoshenko  Beam  Equation 


Due  to  the  presence  of  the  term  containing  the  mixed  partial  derivative  in 
Equation  (A-3),  the  x  and  t  variables  do  not  separate  exactly  in  the  gener¬ 
al  free-vibration  case.  However,  in  the  present  research  program,  the  beam 
is  firjt  excited  sinusoidally  and  then  the  excitation  is  cut  off.  Under 
these  conditions,  it  appears  to  be  a  very  reasonable  approximation  to  as¬ 
sume  a  sinusoidal  wave  form  shape  with  respect  to  time,  a*  follows: 


y  -  Y  (x)  sint*)t 


(A-5) 


where  W  is  the  frequency  and  Y  (x)  is  the  modal  shape  of  the  beam  deflec¬ 
tion  curve  (to  be  determined).  It  should  be  mentioned  that  so  far  as  is 
known,  all  previous  investigators  of  both  Tlmoshenko-beam  and  sandwich-beam 
vibrations  have  made  an  assumption  equivalent  to  Equation  (A-S). 


Substitution  of  Equation  (A-S)  into  Equation  (A-3)  gives 


,  iv  Mb) 


Y+(sit  +  &)w2  v" 


Y.O 

EIGAK 


(A-6) 


where  the  primes  denote  differentiation  with  respect  to  x. 
Equation  (A-6)  can  be  rearranged  as  follows: 


ylv  +  (c& +  rr)u2  Y”  • 


(A-7) 


Equation  (A-7)  will  now  be  nondimens  Iona llz id  and  solved  following  the  no¬ 
tation  used  by  Huang  (reference  15).  First,  the  following  dimensionless 
parameters  are  Introduced: 


Position  parameter 
Bending  flexibility  parameter 
Rotatory  inertia  parameter 
Shear  flexibility  parameter 


£  ■  x/L 

h2  .  ML4  7 
b  "  E T 

r2  -  J/ML2 
s2  -  EI/GAKL2 


(A-8) 


I 


Then  Equation  (A-7)  becomes 

Ylv  +  b2  (r2  +  s2)  Y"  -  b2  (1  -  b2r2t2)  Y  -  0  (A-9) 

where  now  the  primes  denote  differentiation  with  respect  to  £  . 

In  similar  fashion,  the  solution  of  Equation  (A-4)  can  be  assumed  to  be  of 
the  form 


f>  -  S  (x)  sin  *>t  . 


(A-10) 


Then,  following  the  identical  procedure  used  above  to  obtain  Equation  (A-9), 
the  following  result  is  obtained: 

Siv  +  b2  (r2  +  b2)  S"  -  b2  (1  -  b2r2s2)  S  -  0  .  (A-ll) 

The  solutions  of  Equations  (A-9)  and  (A-ll)  can  be  written  as  follows: 

Y  ■  Cj  cosh  b«(€  +  C2  sinh  b«££  +  Cj  cos  bflC  + 

C4  sin  b/3€  (A- 12) 


and 


S  ■  CJ  sinh  b«f£  +  CJ  cosh  b«f€  +  sin  l y9€  + 


where 

cos 

nl/2ll/2 

(A-13) 

1 

f  r  2 

*<•  <!/✓*>  1 

[-  (r2  +  .2)  +  [<r2  -  .2)  + 

(4/b2^  | 

(A-14) 

\ 

fi  -  (U/T) 

|  (r2  +  «2)  +  ((t2  -  »2)2+ 

211/211/2 
(*/b2)J  |  . 

(A-15) 

In  writing  the  solutions  in  the  form  of  Equations  (A-12)  and  (A-13),  it  is 
necessary  to  assume  that 

1/2 

£*2  ■  »2)2*  (*/b2)J 


r2+.2 


>  1  . 


(A-16) 


For  the  sandwich  beams  used  in  this  project,  the  inequality  (A-16)  is  sat’ 
lsfied  for  all  frequencies  below  approximately  10,800  cps,  which  is  well 
above  the  highest  natural  frequency  obtained  in  the  project. 


The  modal  shape  functions  given  by  Equations  (A-12)  and  (A-13)  involve 
eight  unknown  constants  of  integration.  However,  only  four  boundary 
conditions  (two  at  each  end)  can  be  written  for  a  given  simple  beam  con¬ 
figuration.  Thus,  some  additional  relationships  among  the  coefficients 
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must  be  found.  To  do  this,  Equations  (A-5)  and  (A-10)  are  substituted 
Into  Equation  (A-l)  with  the  following  result: 

Y"  +  b2s2Y  -  LS  -  0  .  (A- 17) 


Substituting  solutions  Y  and  S  as  given  by  Equations  (A- 12)  and  (A-13)  into 
Equation  (A-17)  gives  the  following  four  relationships: 

Cj/CJ  -  C2/C$  -  (L/bo<)  [l  -  b2s2  (mC2  +  r2)] 

r  (A-18) 

-  C 3/0'  -  CJCI  -  (Ubfl)  [1  +  b282  (y52  -  r2)J  . 

Equations  (A-12),  (A-13),  and  (A-18)  are  identical  to  those  obtained  by 
Huang.  When  used  in  conjunction  with  appropriate  boundary  conditions, 
these  equations  allow  solution  for  the  natural  frequencies. 


Solution  for  a  Simple  Free-Free  Timoshenko  Beam 


Aa  first  pointed  out  by  Dengler  and  Goland  (reference  11),  the  correct 
boundary  conditions  for  a  free  end  are  as  follows: 

-  0  (A-19) 


and 


(A-20) 


Equation  (A-19)  states  that  the  curvature  due  to  bending  Is  zero,  while 
Equation  (A-20)  states  that  the  shear  deformation  is  zero.  Applying 
Equations  (A-19)  and  (A-20)  at  both  ends  of  the  free- free  beam  (  €  ■  0 
and  €  ■  1)  gives  the  following  four  boundary  conditions  In  terms  of  the 
modal  functions  Y  and  S: 


S'  (0)  -  0  Y'  (0)  -  LS  (0)  -  0 

S'  (1)  -  0  Y'  (1)  -  LS  (1)  -  0  . 


(A-21) 


Subatitution  of  Equations  (A-12)  and  (A-13)  Into  boundary  conditions 
(A-21)  results  In  the  following  set  of  simultaneous  equations: 


•TCJ  +  -  0 

o( q  cosh  b*<  +  sinh  b«f  +  cos  ~  /$C4  ,in  m  ®  (A-22) 

(b/L)  KC2  +/^C4)  -  q  -  Cl  -  0 
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(A-22) 


(b</L)  (Cj  sinh  be*  +  C2  cosh  b«*)  -  (b^/L)  (C3  sin  yf  -  C4 
cos  b^f )  -  C[  slnh  b«*  -  CJ  cosh  bad  -  C3  sin  y$  -  cos  \yt  ■  0  . 

Using  Equations  (A- 18)  to  convert  the  unprimed  coefficients  in  Equations 
(A-22)  to  primed  ones  results  In  the  following  set  of  four  equations  in 
the  four  primed  coefficients: 


•*C[  +  /*C3  "  0 

a<  CJ  cosh  bad  +  edC^  iin^  ^  co*  sin  bfS  ■  0 

-  (a*2  +  r2)  CJ  +  (fl2  -  r2)  -  0 

-  (a<2  +  r2)  (Cj  slnh  ba*  +  cosh  ba*  )  +  (^2  -  r2) 

•(C^  sin  b y$  +  cos  ^9 )  •  0  . 


(A-23) 


In  order  for  nontrivial  solutions  to  exist  for  the  set  of  Equations  (A-23), 
the  determinant  of  the  coefficients  of  Equations  (A-23)  must  vanish.  Solu¬ 
tion  of  this  frequency  determinant  leads  to  the  following  transcendental 
frequency  equation: 


2  (1  -  cosh  be*  cos 


_b _ 

b2rV)l/2 


[bV  (r* 


+ 


Or*  -  .2)] 


slnh  baf 


0 


(A-24) 


Equation  (A-24)  is  identical  to  that  derived  by  Huang  (reference  15)  for 
this  case.  In  order  to  determine  the  normal  modal  shape  Y  corresponding 
to  a  particular  natural  frequency,  Equation  (A-12)  can  be  rewritten  as 
follows: 


Y/Cj  ■  cosh  b***  +  (C2/Cj)  sinh  ba*€  +  (C3/C3)  cos  + 

(A-25) 

(tyCj)  sin  \y$*  . 

Use  of  certain  of  the  boundary  conditions  (A-23)  In  conjunction  with  rela¬ 
tions  (A-18)  results  in  the  following  expressions: 


and 


c2/c1  -  -^y  ,  where 


tmfi2r  si 

a*  2  +  s2 


y» 


cosh  b*<  -  cos  M _ 

A  sinh  b«*  -  sin  y$ 


9 
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Substitution  of  these  relations  into  Equation  (A-25)  gives  the  following 
result: 


Y/Cj  ■  cosh  -  AY  sinh  +  (1/^)  cos  bfl€  - 

Vs  in  b^0€  . 

It  is  noted  that  there  *re  two  errors  in  sign  in  Huang's  Equation  (53) 
which  is  otherwise  identical  to  Equation  (A-26)  here. 
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